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ABSTRACT

In this paper, a new class of sets called maximehkly generalized open
sets and minimal Weakly generalized closed setstopological Spaces are
introduced which are subclasses of Weakly genedliapen sets and Weakly
generalized closed sets respectively. We prove tthetcomplement of maximal
Weakly generalized open set is a minimal Weaklyegalived closed set and some
properties of the new concepts have been studied.
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1. INTRODUCTION

In the year 2001 and 2003, F. Nakaoka and N:otiatroduced and studied minimal
open (resp.minimal closed) sets which are sub etasf open (resp.closed) sets. The
complements of minimal open sets and maximal openage called maximal closed sets and
minimal closed sets respectively. In the year 1998Ibgaverii introduced and studied
Weakly generalized closed sets and Weakly genethbpen sets in topological spaces.

1.1. Definition": A proper non-empty open subset U of a topologipakce X is said to be
minimal open set if any open set which is contaimed is ¢ or U.

1.2. Definition®: A proper non-empty open subset U of a topologipakce X is said to be
maximal open set if any open set which is containdd is Xor U.

1.3. Definition®: A proper non-empty closed subset F of a topologipalce X is said to be
minimal closed set if any closed set which is cotd in F isp or F.
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1.4. Definition®: A proper non-empty closed subset F of a topologipalce X is said to be
maximal closed set if any closed set which is doethin F is Xor F

1.5. Definition*: A subset A of (Xg) is called Weakly generalized closed set if
Cl(int(A)) O U whenever ADU and U is open in ().

1.6. Definition®: A subset A in (X7) is called Weakly generalized open set in X ffid
Weakly generalized closed set in X.

2. MAXIMAL WEAKLY GENERALIZED OPEN SETS

2.1Definition: A proper non-empty Weakly generalized open subkef X is said to be
maximal Weakly generalized open set if any Weaklyagalized open set which is contained
inUis X or U.

2.2 Remark: Maximal open sets and Maximal Weakly generalizgaeno sets are
independent of each other as seen from the follpwiample.

2.3 Example:Let X= {a,b,c} be with the topology={X, ¢ {a}}
©psets are = {§,{a}}

Maxin@den sets are = {a}
Weakly generalized open sets are = §ga},{b},{c}.{a,b},{a,c}}
Maximal Weakly generad open sets are = {{a,b},{a,c}}

Here the set {a} is a Maximal open set but not aivtal Weakly generalized open set and
the sets {a,b} and {a,c} are Maximal Weakly generadl open sets but not Maximal open
sets.

2.4 Remark: From the Known results and by the above examplehawee the following
implication.

Maximal Wéakgeneralized open sets

> # N

Maximal open sets <+' Opets > Weakly generalized opetis

2.5 Theorem:

(): Let U be a maximal Weakly generalized openasal W be a Weakly generalized open
set then B\W=¢ or UOW.

(ii): Let U and V be maximal Weakly generalized ngets then OV=¢ or U=V
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Proof:

(): Let U be a maximal Weakly generalized openasat W be a Weakly generalized open
set. If UNW= ¢, then there is nothing to prove but if "W+ ¢ then we have to prove
that UJW . Suppose OW= ¢ then LnWOU and LhW is Weakly generalized open as
the finite intersection of Weakly generalized opets is a Weakly generalized open set.
Since U is a maximal Weakly generalized open sethawe WhW=U therefore WIW.

(ii): Let U and V be maximal Weakly generalized npsets suppose Y+ ¢pthen we see
that UV and VU by (i) therefore U=V.

2.6 Theorem:Let U be a maximal Weakly generalized open setid an element of U then
UOW for any open neighbourhood W of x.

Proof: Let U be a maximal Weakly generalized open setxabd an element of U. Suppose
there exits an open neighbourhood W of x such thaww then UhW is a Weakly
generalized open set such thatUJU and UhW= ¢. Since U is a maximal Weakly
generalized open set, We haveW=U that is UIW. This contradicts our assumption that
UOW. Therefore WIW for any open neighbourhood W of x.

2.7 Theorem:Let U be a maximal Weakly generalized open setjsfan element of U then
UOW for any Weakly generalized open set W containing

Proof:Let U be a maximal Weakly generalized open setaioimy an element x.Suppose
there exists an Weakly generalized open set W tongax such that O W then LhW is an
Weakly generalized open set such thatWlU and LhW= ¢. Since U is a maximal
Weakly generalized open set,we haveyWEU that is UIW .This contradicts our
assumption that UW.Therefore WW for any Weakly generalized open set W contaiming

2.8 Theorem:Let U be a maximal Weakly generalized open set then{W: W is any
Weakly generalized open set containing x} for aleyrent x of U

Proof: By theorem 2.7 and from the fact that U is a Weajdyperalized open set Containing
X, We have Un {W: W is any Weakly generalized open set contaimrjgIW. Therefore
we have the following result.

2.9 Theorem:Let U be a non-empty Weakly generalized opentsat the following three
conditions are equivalent.

() Uis a maximal Weakly generalized open set
(i) UDw-cl(S) for any non-empty subset S of U.
(i) w-cl(U)= w-cl(S) for any non-empty subsetobU.

Proof: () = (i) Let U be a maximal Weakly genézald open set and S be a non-empty
subset of U. Let XU by theorem 2.7 for any Weakly generalized opgn/éeontaining X,
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SOUOW which implies $IW. Now S=$iU0SNW. Since S is non-empty thereforen\8=

¢. Since W is any Weakly generalized open set coigtai by one of the theorem, we know
that, for an XIX, xOw-cl(A) iff VN A # ¢. for any every Weakly generalized open set V
Containing x that is XU implies XJcl(s) which implies WU w-cl(s) for any non-empty
subset S of U.

(i) = (iii) Let S be a non-empty subset of latlis S1U which implies

w-cl(S) Ow-cl(U) —» (a) Again from (ii) Uw-cl(s) for any non-empty subset S of U,
Which implies w-cl(U)Ow-cl(w-cl(S))=w-cl(S) i.e., w-cl(Udw-cl(S) — (b), from (a) and
(b) w-cl(U)= w-cl(S) for any non empty subset SLbf

(i) = (i) from (3) we have w-cl(U) = w-cl(S) for gnnon-empty subset S of U. Suppose U
is not a maximal Weakly generalized open set thesret exist a non-empty Weakly
generalized open set V such thdfl¥ and V+U. Now there exists an elem?r{ﬂla such
that @V which implies av° that is w-cl{(@)}0w-c{(V)}= V¢, as V¥ is a Weakly
generalized closed set in X. It follows that w-el{{==w-cl(U). This is contradiction to fact
that w-cl({a})= w-cl(U) for any non empty subset{af U therefore U is a maximal Weakly
generalized open set.

2.10 Theorem:Let V be a non-empty finite Weakly generalizedoget , then there exists
at least one (finite) maximal Weakly generalizeéropet U such that@v.

Proof: Let V be a non-empty finite Weakly generalizedoget. If V is a maximal Weakly
generalized open set, we may set U=V. If V is nataximal Weakly generalized open set,
then there exists a (finite) Weakly generalizedropet \{ such that® #V,00V. If V,is a
maximal Weakly generalized open set, we may set U#W is not a maximal Weakly
generalized open set then there exists a (finitepkly generalized open set Buch that

@ #V,0V;. Continuing this process we have a sequence okW/emneralized open sets
Vi ...0OV30V,0VOV. Since V is a finite set, this process repeaty €initely then finally
we get a maximal Weakly generalized open set U some positive integer n.

2.11Corollary: Let X be a locally finite space and V be a non-gmeakly generalized
open set then there exists at least one(finite)imalXWeakly generalized open set such that
uov.

Proof: Let X be a locally finite space and V be a non gmpteakly generalized open set.
Let x(OV since X is a locally finite space we have a &nitpen set ¥such that kKIV, then
VNV, is a finite Weakly generalized open set. By theo210 there exist at least one
(finite) maximal Weakly generalized open set U stithit UIVNV, that is UIVNV,OV.
Hence there exists at least one (finite) maximabkliegeneralized open set U such that U
OVv.

2.12 Corollary: Let V be a finite maximal open set then there eagisieast one(finite)
maximal Weakly generalized open set U such thavu

Proof: Let V be a finite minimal open set then V is a mampty finite Weakly generalized
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open set, by theorem 2.10 there exist at least(fimite)maximal Weakly generalized open
set U such that OV.

2.13 Theorem: Let U and |} be maximal Weakly generalized open sets for aeyneht
A of A.

If UOOU, then there exists an elemént] A such that U= U.

AOA

Proof: LetUODO U,thenUh (O U,)=Uthatisd(Un U,)=U also by Theorem 2.5
(ii)
ADA ADA ADOA
WU ,= efor any AOA it follows that there exist an elemekt] A such that
u=u A -

2.14 Theorem:Let U and | be maximal Weakly generalized open sets for angnete
AOA. if U= U, for any elemeni of A. If U= U, for any elemenh of A then (O U,)
n U=0.

AOA

Proof: Suppose that JU,)n U =@ that is 0O (U,n U) =@. Then there exists an
element
ADOA ADA

AUA such that WU ,# @ by theorem 2.5 (ii) we have U= U which contradicts the fact
that

U=+#U, foranya A then (O U,)n U =0.
ADOA

2.15 Theorem: Let U, be a maximal Weakly generalized open set for amyneht
AOA and

U,#=Upu for any elemenk and p of A with A# g assume that\| > 2.

Letp be any element ok then (O U,)n Up=0.

AOA-{M}

Proof: Put U= U1 in theorem 2.14, then we have the result.

2.16 Corollary: Let U, be a maximal Weakly generalized open set for aeyneht
ADOA and U= U, for any elemenh and p of Awith A+ p. If n a proper non-empty
subset of A then (O U,) n (OU,) =0.

ADA={n} yUn

2.17 Theorem:Let U, and Uy be maximal Weakly generalized open sets for anmnete
A OA andyOn such that Y#U, for any elemenfA of A then O thenO U,0 (OU,).
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yn yan  AOA
Proof: Suppose that an elemgfibfn satisfies | = Uy1 for any elementA of A.

if 0U,O(OU,), then we sedJ, 1 0 (OU,) by theorem 2.13 there exists an element
vadn AOA

A of A such that IJ = U,which is a contradiction iA(JA follows that OU 0O (U, ).

yan  ADA.

3. MINIMAL WEAKLY GENERALIZED CLOSED SETS.

3.1 Definition: A proper non-empty Weakly generalized closed subset X is said to be
minimal Weakly generalized closed set if any Wealghneralized closed set which is
contained in F i® or F

3.2 Remark: Minimal closed sets and Minimal Weakly generalizeldsed sets are
independent each other as seen from the followirgi¢ation.

3.3 Example:Let X={a,b,c} and t = {X, 0,{a}} be a topological space.

Closed sets are = {8,{b,c}}
Minimal closed sets are = {b,c}
Weakly generalized closed sets are =§X{b},{c}.{b,c}.{a,c}.{a,b}}
Minimal Weakly generalized closed sets are = {{b}}
Here the set {b,c} is a Minimal closed set but adflinimal Weakly generalized closed set
and the sets {b} and {c} are Minimal Weakly genérad closed sets but not Minimal
closed sets.
3.4 Remark: From the known results and by the above examplevd.Bave the following
implication.

Minimal Weakly genérad closed sets

= N0

Minimal Closed setséh' Closed setQ+'Weakly generalized closed sets

3.5 Theorem: A proper non-empty subset F of X is minimal Weagfgneralized closed set
iff X-F is a maximal Weakly generalized open set.

Proof: Let F be a minimal Weakly generalized closed sgppsse X-F is not a maximal
Weakly generalized open set then there exists ekiganeralized open setAJX — F such
that @ #U 0O X-F that is EIX-U and X-U is a Weakly generalized closed set.sThi
contradicts our assumption that F is a maximal Wegé&neralized open set. Conversely, let
X-F be a maximal Weakly generalized open set. Ssppe is not a minimal Weakly
generalized closed set then there exist a Weakigrgéized closed set £F such that BE
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#X that is@ # X-E O X-F and X-E is a Weakly generalized open set. Tostradicts our
assumption that X-F is a maximal Weakly generaliapdn set. Therefore F is a minimal
Weakly generalized closed set.

3.6 Theorem:

(): Let F be a minimal Weakly generalized closetiand W be a Weakly generalized closed
set Then BW=X or WOF.
(ii): Let F and S be minimal Weakly generalizedseld sets then/S=X or F=S

Proof: (i):Let F be a minimal Weakly generalized closetland W be a Weakly generalized
closed set if BW=X then there is nothing to prove but ifU#/#X then we have to prove
that WLF. Suppose BW=X then FOFUW and FEIW is Weakly generalized closed as the
finite union of Weakly generalized closed set ¥/aakly generalized closed set we have
FUW=X Therefore ®W=F which implies WIF.

(ii): Let Fand S be minimal Weakly generalizedseld sets. Suppos&&£X then we see
that RIS and &IF by (i) therefore F=S.

3.7 Theorem:Let F be a minimal Weakly generalized closed $etis an element of F then
for any Weakly generalized closed set S contairjrfguS=X.

Proof: Proof is similar to 2.7 theorem.

3.8 Theorem:Let K, F, ,Fy be minimal Weakly generalized closed sets suchRwafn if
FanFn O Fy. then either F,=Fy or ) =Fy .
Proof: Given that EnFnOFy, if F,= Fy then there is nothing to prove but if,#Fy then
We have to proverr=Fy .
Now we have F, n Fy=F, n(FynX)
=k, n(Fyn( FanFn) (by theorem 3.6 (ii))
=Fkn (RnF)O(FynFn)
= (RnFynFy)O(FynFynFy)
= (FanFN)O( FynFn) (by FinFynFy)
= (RO Fy)n F,
=Xn F, (since [, and fy are minimal Weakly generalized closed sets
by thm3.6(iif, 0 Fy =X
= Fﬂ
that is FnFy= F, implies O Fy, since i, Fy are minimal Weakly generalized closed
sets we haverF=Fy.
3.9 Theorem:Let R, F, ,Fy be minimal Weakly generalized closed sets whichdéferent
from each other thenfR Fn) O (Fun F) .

Proof: Let (FeknFn) O ( Fan Fy) which implies (EnFn) O (Fyn Fn) O (Fen Fy) O (Fyn
F,) which implies(cRUFy) n (FydFn) n (FOF,) since by theorem 3.6 (ii);A Fy=X and
FaenFn =X which implies Xn F,0 Fy n X which implies RO Fy . From the definition of
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minimal Weakly generalized closed set it followatthi, = Fy. This is contradiction to the
fact that Let &, F, ,Fy are different from each other. Thereforg{lFn) U (Fun F)) .

3.10 Theorem:Let F be a minimal Weakly generalized closed set>abe an element of F
then F£1{S: S is a Weakly generalized closed set contaixisigch that ES =X}

Proof: By theorem 3.7 and from the fact that F is a Wealgeralized closed set containing
x we have EI{S:S is a Weakly generalized closed set containisgck that ES #X} 0 F
therefore we have the result.

3.11 Theorem:Let F be a Proper non-empty co-finite Weakly gafiezed closed subset then
there exists (co-finite) minimal Weakly generatizdosed set E such thatFE.

Proof: Let F be a non-empty co-finite Weakly generalizdosed set. If F is a minimal
Weakly generalized closed set, we may set E=F.i#f kot a minimal Weakly generalized
closed set, then there exists a (co-finite) Weaidgeralized closed set Buch that EIF,#

X. If F;is a minimal Weakly generalized closed set, we matyE = k .if F;is not a
minimal Weakly generalized closed set ,then thetist® a (co-finite) Weakly generalized
closed set sets ,Fuch that EF,O0F#X continuing this process we have a sequence of
Weakly generalized closed setdi0F,0...0F... since F is a co-finite set, this process
repeats only finitely then finally we get a maximékeakly generalized open set E~ier
some positive integer n.

3.12 Theorem:Let F be a minimal Weakly generalized closed $et.i$ an element of X-F
then X-HIE for any Weakly generalized closed set containindesgontaining X.

Proof: Let F be a minimal Weakly generalized closed set a0 X—F. HIF for any
Weakly generalized closed set E containing x thEiRrEX by theorem 3.6(ii) .Therefore X—
FOE.
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