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ABSTRACT

In this paper a new class of sets called pre génedapre regular weakly
closed (briefly pgprw-closed) sets in topologigahses is introduced and studied. A
subset A of a topological space (X), is called pgprw-closed if U contains pre
closure of A whenever U contains A and U is apen in (X,t). This new class of
sets lies between the class of all preclosed setshe class of all gpr-closed sets
and some properties are investigated.
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1. INTRODUCTION

In a topological space the concept of closed sktgspan important role. The
generalization of closed sets has been studiedffgreht ways in previous years by many
topologists leading to several new ideas. In 1970LBVvin€? gave the concept and
properties of generalized closed (briefly g-clossel)s . In 1982, A.S.Mashhour, M.E.Abd
El-Monsef and S.N. El-Deébntroduced and studied the concept of pre-openLsger H.
Maki, J. Umehara and T. Nditj J. Donteche¥, Y. Gyanambdf, P. Bhattacharya and B. K.
Lahiri*, introduced and studied the concepts of gp-clogswkclosed, gpr-closed, sg-closed
sets respectively. P. Sundarm and M. Sheik Jatefined and studied w-closed sets in
topological spaces. S. S. Benchalli and R. Si¥Matroduced rw-closed sets. In this paper
we define and study the properties of a new sééatddre Generalised Pre Regular Weakly
Closed set.
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2. PRELIMINARIES

Throughout this paper space #,and (Y,c) (or simply X and Y) always denote
topological space on which no separation axiomsaasemed unless explicitly stated. For a
subset A of a space X, CI(A), Int(A),’Aand P-CI(A), denote the Closure of A, Interiorfof
and Compliment of A and pre closure of A in X restpesly.

Definition 2.1: A subset A of a topological space @,is called

(i) Semi-pre open se(= p-opert if AQcl(int(cl(A)))and a semi-pre closed sef¢slosed )if
int(cl(int(A)))JA.

(i) Regular semi open set [6] if there is a regalpen set U such thatTAL cl(U).

(iii) a-open setif A O int(cl(int(A))) anda -closed set if cl(int(cl(A))) A.

(iv) Semi-open sétif A O cl(int(A)) and semi-closed set if int(cl(A)) A.

(v) Pre-open séif A O int(cl(A)) and pre-closed set if cl(int(A]) A.

(vi) Regular opersef if A = int(clA)) and a regular closed set if AcKint(A)).

(vii)Regulara-open sef (briefly,ra-open) if there is a regular open set U sEA acl(U).

(viii) 3-closed if A = cls(A) , where cl(A) = {x € X : int(cl(U)) NA#6,U et and xe U}.

Definition 2.2: Let (X, ) be topological space and[AX. The intersection of all semi
closed(resp. Pre closedkclosed and semi-pre closed) subsets of spacembainimg A is
called the Semi closure (resp.Pre-closarelosure and semi-pre-closure) of A and denoted
by sCI(A)(resp. pCI(AnCI(A),spCI(A)).
It is well know that sCI(A) =AU int(CI(A)) , aCI(A) =A U CI(int(CI(A)))

pCI(A) =AU CI(int(A)) , spCI(A)=AuU int(CI(int(A)))

Definition 2.3:® Let X be a topological space. The finite uniorredular open sets in X is
said to ber -open. The complement of@-open set is said to leclosed.

Definition 2.4: A subset A of a topological space @X) is called

() Pre-generalized-pre-regular closed(briefly pglmsed)séef if pcl(A)SU whenever
Ac Uand U is rg-open in X.

(i) Regularm- closed(briefly ro -closed)set® if cl(A) € U whenever & U and U is
regular semi- open in X.

(i) Semi-generalized closed set(briefly sg-clogéi scl(A)JU whenever AlU and U is
semi-open in X.

(iv) Generalized regular closed (briefl gr —clossel® if rcl(A) € U whenever Ac U and
Uis openin X.

(v) Generalized semi-pre closed set(briefly gsettf® if spcl(A)JU whenever AU
and U is open in X.
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(vi) n-generalized closed set (briefiyg-closed if ¢l (A)< U whenever & U and U is
n-open in X.

(vii) Generalized pre regular closed set(briefly-gsedj® if pcl(A)OU whenever AU
and U is regular open in X.

(viii) R*- closed (briefly R*-closed) sé&tif rcl(A) €U whenever A< U and U is regular
semi- open in X.

(ix) Weak generalized regular-closed (briefly wgu-closed) séf if cl(int(A)
whenever Ac U and U is regulas-open in X.

(x) Generalized pre regular weakly closed (briefiyrw-closed) sétif pcl(A) € U
whenever Ac U and U is regular semi- open in X.

(xi) Generalized closed set(briefly g-clos@df cl(A) O U whenever AJ U and U is open
in X.

(xii) Generalized pre closed (briefly gp-closedif$éf pcl(A)<U whenever AU and U is
openin X.

(xiii) Regular-generalized-weak(briefly-rgw-closedpt® if cl(int(A))SU whenever AU
and U is regular semi open in X

(xiv) Regular generalized closed set(briefly rgseld if cl(A) JU whenever AlU and U is
regular open in X.

(xv) Strongly generalized closed ¥gbriefly, g*-closed) if CI(A)< U whenever AU and
U is g-open in X.

(xvi) Generalized semi pre regular closed (brigfpr-closed) sétif spcl(A) U whenever
AcU and U is regular open in X.

(xvii) Regular pre semi —closed (briefly rps-closed}®sktspcl(A) SU whenever A U and
Uis rg- openin X.

(xviil)W-closed set’ if cl(A) O U whenever Al U and U is semi-open in X.

(xix) Regular generalized-closed set(briefly, rgclosed}’ if acl(A)SU whenever AU
and U is regulas-open in X.
The compliment of the above mentioned closedaretsheir open sets respectively.

U

(]

3. PRE GENERALIZED PRE REGULAR WEAKLY CLOSED SETS IN
TOPOLOGICAL SPACES

In this section we introduce pre generalized g@gular weakly closed sets in
topological spaces and study some of their pragerti

Definition 3.1:A subset A of topological space (&, is called a pre generalized pre regular
weakly closed set(briefly pgprw-closed set) if gOI0U whenever AlU and U is rg open
in (X, 7).

First we prove that the class of pre generaledregular weakly closed sets properly lies
between the class of pre-closed sets and the ofagpr-closed sets.

February, 201%Journal of Computer and Mathematical Sciefjeasw.compmath-journal.org



116 R. S. Waliet al., J. Comp. & Math. Sci. Vol.6 (2), 113-125 (2015)

Theorem 3.2: Every pre-closed set in X is pre generalizesl ngigular weakly closed set
but not conversely.

Proof: Let A be pre-closed set in topological space X.Wdie any rg -open setin X s.t A
0 U .Since A is pre-closed, we have pcl(A) #1AU, therefore pcl(A)] U. Hence A is pre
generalized pre regular weakly closed set in X.

The converse of the above theorem need not begrgeen from the following example.

Example 3.3 Let X={a, b, c,d} andt={X, 0,{a},{b}.{a,b},{a,b,c}} then the set A={a, d} is
pre generalized pre regular weakly closed set buPre-closed in X.

Theorem 3.4:Every pgprw- closed set is gpr- closed.

Proof: Let A be pgprw closed . Let Al U where U is regular open set, then as every
regular open set is agopen set in X, U is igopen in X, Since A is pgprw-closed set then
pcl(A) O U. Therefore A is gpr closed set.

The converse of the above theorem need not besrgeen from the following example.

Example 3.5 Let X={a, b, c,d} andt={X, @,{a},{b},{a,b},{a,b,c}} then the set A={a,b} is
gpr closed but not pgprw closed set.

Corollary 3.6: Everyao- closed set is pgprw- closed.
Proof: Set A isa- closed = A is pre—closed A is pgprw-closed.
The converse of the above statement need not &e tru

Example 3.7: Let X ={a,b,c,d,}; = {X, 0,{a}.,{b}.{a,b,{a,b,c}}.Here {a,d} is pgprw-
closed, but not -closed.

Corollary 3.8: Every closed set is pgprw-closed.
Proof: Set Aiis closed= A isa- closed = A is pre —closee> A is pgprw-closed
The converse of the above statement need not &e tru

Example 3.9:Let X ={a,b,c} ,7 ={X, @, {a}, {a,b}} . Here {b} is pgprw-closed but not
closed.

Corollary 3.10: Every regular closed set is pgprw-closed.
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Proof: Every regular closed set is closed, from M. Stamel then follows from corollary
3.8.

Corollary 3.11

() Everyn- closed set is pre generalized pre regular weaklsed set in X.

(i) Every weakly closed set is pre generalizesl fggular weakly closed set in X.
(iii) Every g*-closed set is pre generalized prgular weakly closed set in X.

(iv) Every g-closed set is pre generalized pre laagueakly closed set in X.

Proof:

() Everyn- closed set is closed, from Dontchev & Nband then from corollary 3.8.

(i) Every weakly closed set is closed, from M. &h#ohrf® and then follows from corollary
3.8.

(iii) Every g*-closed set is closed, from A.Pushgihb?® and then follows from corollary 3.8.

(iv) Every g-closed set is closed, from N. LevfAand then follows from corollary 3.8.

Corollary 3.12: Everyd-closed set is pre generalized pre regular wedkled set in X.

Proof: Follow from Velicko, Eveny - closed set is closédnd then from corollary 3.8.

Corollary 3.13: Everydé-g-closed set is pre generalized pre regular weglklyed set in X.

Proof: Follow from Dontchev & M.Ganster, Evebyg closed set is clos&dand then from
corollary 3.8.

Theorem 3.14 :Every pgpr-closed set is pgprw-closed .

Proof: Let A be a pgpr closed set. Letch and U is a rg-open in X.Then as everydag
open set is rg-open in X, U is rg-open in X sincis fAagpr-closed set, pcl(AZU.

Therefore Ais pgprw closed set in X.

The converse of the above statement need not e tru

Example 3.15Let X ={a,b,c,d,}r ={X, 0.{a},{b}.{a,b},{a,b,c}}. Here {a, d} is pgprw-
closed, but not pgpr-closed.

Corollary 3.16: Every pgprw- closed set is gspr- closed.
Proof: Let A be pgprw- closed .Then A is gsp- closed ewery gsp- closed is gspr- closed.
Therefore A is gspr-closed.

The converse of the above statement need not &e tru
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Example 3.17 Let X={a,b,c,d}z ={X, @,{a},{b},{a,b},{a,b,c}}.Here {a,b} is gspr- closed,
but not pgprw- closed.

Theorem 3.18:Every pgprw-closed set is gp-closed.

Proof: Let A be a pgprw-closed set . Let®AU and U is open in X. Then as every open set
is rgn open in X, U is rg open in X, since A is pgprw-closed set hence pel{A Therefore
A'is gp closed set in X.

The converse of the above statement need not &e tru

Example 3.19:Let X = {a,b,c,} ,7 ={X, @, {a}}. Here {a,b} is gp-closed, but not pgprw-
closed.

Theorem 3.20:Every pgprw- closed set is rg- closed.

Proof: Let A be pgprw closed . Let Al U where U is regular open set, then as a asgul
open set is rg open set and A is pgprw closed set, we have pcl(A) then P-
CI(A)OCI(A)OU implies CI(AYJU , U is regular open in X. Therefore A is rg iss#d set.

The converse of the above statement need not &e tru

Example 3.21Let X={a,b,c,d}t={X, 0,{a},{b}.{a,b,{a,b,c}}. Here{a,b} is rg-closed, but
not pgprw- closed.

Theorem 3.22:Every pre generalized pre regular weakly clogtd & n-g closed set in X.

Proof: Let A be pre generalized pre regular weakly closetdn X. Let U be ang-open in

X s.t AOU. Since everyt-open set is rgopen set in X and Since A is pre generalized pre
regular weakly closed set in X, it follows thatl(g OU therefore pcl(A) U,U isw-open in

X. Hence A ist-g closed set in X.

Example 3.23: Let X={a, b, ¢, d} and © ={X, @ {a},{b}.{a,b},{a,b,c}} then the set
A={a,c} is n-g closed set in X , but not pre generalized pgellaa weakly closed set in X.

Theorem 3.24:The Union of two pre generalized pre regular weakbsed subsets of X is
pre generalized pre regular weakly closed set.

Proof: Let A and B are the pre generalized pre regukzakly closed sets in X . Let U be
rgo open setin X st AAB O U, then AIU & B OU . Since A and B are the pre
generalized pre regular weakly closed sets, pdli(d & pCI(B)d U and we know that
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pCI(A)u pCI(B) = pCI(AuB) O U. Therefore AU B is pre generalized pre regular
weakly closed set in X.

Remark 3.25: The intersection of two pre generalized pre lagweakly closed sets in X
is generally not an pre generalized pre regulaklyedosed set in X.

Example 3.26:Let X={a, b,c,d}andt={X, @.{a},{c ,d},{a,c,d}}then the set A={a,c,d}&
B={ a,b,c} are pre generalized pre regular weakbsed set in X,but AB={a,c} is not pre
generalized pre regular weakly closed set in X.

Remark : The following example shows that pre generaligedregular weakly closed sets
are independent of Rgw-closed, Sg-closed, Gsgedlg Gr-closed ,R* closedaRtlosed,
Rw closed, Gprw closed, Wgrlosed, Rps closed,—closed sets, Semi closed sets.

Example : Let X={a, b, ¢, d} andr={X, @ ,{a},{b},{a, b}.{a, b, c}} Then

* Pgprw closed sets are:{ %,{c},{d},{a,d},{b,d},{c,d}{a,c,d}{b,c,d},{a,b,d}}

* Rgw closed sets are : {%, {c}.{d},{a,b},{c,d}{a,b,c},{a,b,d},{a,c,d},{b,c, d}}

e Sg closed sets are : {X 04{a}{b}{c}.{d}{c,d},{b,c}{a,d},{b,d}, {a,c}
{a,c,d}{b,c,d}}

* Gspclosed sets are : { #,,{c},{d},{b,c},{c,d},{a,d},{a,c}, {a,b,d},{a,c,d}, {b,c,d}}

e Grclosed sets are : {%,,{d}.{a,c},{a, d},{ b, d},{c,d},{a,c,d},{b,c,d}, { a,b,d}}

 R*closed sets are : {9 ,{a,b},{c,d},{a, b,c}{a, b, d},{b,c,d}.{a,c,d}}

* Raclosed sets are : {4 ,{a}.{b},{a, c}.{a,d},{b,c},{b,d}.{a,c,d} {b,c,d}}

 Rwclosed sets are : {4, ,{d},{a,b},{c,d}.{a, b, cKa,c,d},{b,c,dH{a,b,d}}

* Gprw closed sets are:{X,{d},{a,b},{c,d},{a, b, cH{a,b,d},{a,c,d},{b,c,d}}

* Wgra closed sets are :9,{c},{d},{c,d}.{a, b, cKa,b,d},{a,c,d},{b,c,d}}

* Rpsclosed sets are :{R,,{a},{b},{c}.,{dH{a,c},{b,d}{c,d}{a,c,d},{b,c,d}}

» B-closed-sets-are: {4 ,{a},{b},{c},{d}.{a,c},{a,d},{b,d}{c,d},{b,c}{a, c.,d}, {b,c,d}}

* Semiclosed sets are: {X,0{a},{b}{c}{d}.{a,c}.{a,d},{b,d}{c,d},{b,c},{a,c .d},
{b,c,d}}

Remark 3.27: From the above discussion and know results we hhee following
implications.

Theorem3.28:Let AOY X and suppose that A is pre generalized pre reguéakly closed
set in X,then A is pre generalized pre regular Wealosed relative to Y.

Proof : Let A O0Y N G, where G is rg -open. Since A is an pre generalized pre regular
weakly closed set in X, then AIG & hence pCI(A)O G. This implies that M
pCI(A)DYNG where NpCI(A) is p-closure of A in Y. Thus A is pre genkzad pre
regular weakly closed relative to Y.
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regular-closed —— n-closed »n-g-closed

d-closed —— > 4-g-closed gsp-closed
gprw-closed
/ g* closed rps-closed
Closed —> - closed g closed rgw-closed
l sg-closed
gr -closed

a-closed —» pre-close rw-closed

4 - R*closed
pgprw-closed set M wgt-closed
=<, oa-closed

Semi-closed \
l rg —closed

pgpr closed gpr closed gp closed
B-closed gsprseld
A< ’ » B meaAs& B are independent of each other
A I » B means A inegl B but not conversely.
Fig.1

Theorem3.29: Let (X;t)be topological space then for eachexX, the set {xf is pre

generalized pre regular weakly closed ar ogpen.

Proof : x eX. Therefore pcl( X-{x}}X this implies X-{x} is pgprw-closed.

Theorem 3.30:If A is pre generalized pre regular weakly closetlin X and AIBO pCI(A)

then B is also pre generalized pre regular wedklsedl set in X.

Proof:

If it is given that A is pre generalized pre rieguveakly closed set in X then we

have to prove that B is also pre generalized @gelar weakly closed set in X. Let U be an
rga-open set of X such thatfRJ, since AIB and A is pre generalized pre regular weakly
closed set, pCI(AJU and AJU. Now B O pCI(A) => pCI (B)O pCl(pCI (A)) = pCI(A) O

U. ThereforepCI(B) O U. Hence B is pre generalized pre regular weaklgex set in X.

However the converse of the above theorem needeadtue as seen from the following
example.
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Example 3.31: Let X={a, b, ¢} andt={X, ¢,{a},{b}.{a,b}} then the set A={c}, B={a,c}
such that A & B are pre generalized pre regulaakly closed sets in X, butfAB &
pCI(A) Since pCI(A)={c}.

Theorem 3.32: If a subset A of a topological space X is bothutag open and pre
generalized pre regular weakly closed then it ¢dosed.

Proof: Suppose a subset A of a topological space X islae@pen and pre generalized pre
regular weakly closed, as every regular opegdsaopen. Now AJA then definition of pre

generalized pre regular weakly closed, pCl{A)and also AIpCI(A) then pCI(A)=A.
Hence A is p-closed.

Corollary 3.33: If A be regular open and pre generalized preleegueakly closed, F is p-
closed in X .Then AF is an pre generalized pre regular weakly closedrs X.

Proof: Let A is regular open and pre generalized prelezgveakly closed by theorem 3.32
Ais p-closed, F is p-closed in X Sok& is p-closed and it follows from theorem 3.20A
is an pre generalized pre regular weakly closedrset

Theorem 3.34: If A is open and gp-closed set, then A is pgprwselh

Proof: A is an open and gp-closed set.Let U becsoggen set such that@U. AcA, an
open set and A is gp-closed. Therefopel (A) CACU. Thus every rg -open set U
containing A contains Pcl(A). Therefore A is pgpralosed.

Remark 3.35:If A is open and pgprw-closed, then A is not gpseld.

Example 3.36:Let X={a,b,c,d},t ={X, 0,{a},{c,d},{a,c,d}}.Here {a, c, d} is both open and
pgprw-closed but not gp-closed.

Theorem3.37:If A is rga -open and pgprw-closed, then A is pgpr-closed.

Proof: A is a rgr -open and pgprw —closed set.Let U be a rg-opésiech that  &U.
ACA , argr-open set and A is pgprw-closed. Therefopel(A) SACU. Therefore A is
pgpr- closed.

Remark 3.38:1f A is rga - open and pgpr-closed, then A is not pgprw-closed

Example 3.39: Let X={a,b,c} ,t ={X, @, {a}}. Here {a, c} is rgu - open and pgpr- closed,
but not pgprw-closed.

Theorem 3.40:1f A is both g- open and g*-closed, then A ippg-closed.
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Proof: A is a g-open and glosed set. Let U be aagopen set containing A.&A, which
is g-open and g* -open. Therefore cl&¥ then pcl(Axcl(A)SAcU. Thus every rg-open
set U containing A contains pcl(A). Therefore & pgprw-closed.

Remark 3.41 If Ais g-open and pgprw-closed, then A is notalsed.

Example 3.42: Let X={a,b,c,d},= ={X, @, {a},{b}.{a,b},{a,b,c}}. Here {c} is both g- open
and pgprw-closed , but not g* -closed.

Theorem 3.43:If a subset A of a topological space X is both isepen ando-closed then
itis pre generalized pre regular weakly-closed.

Proof: Let A be an semi open andclosed setin X. Let BU and U be rg -open in X.
Now ACA by hypothesis cl(AJJA then we know that pcl(A)cl(A)OAOU. Thus A is pre
generalized pre regular weakly closed set in X.

Remark 3.44: If itis both semi open and pre generalized poilar weakly closed, then A
need not be-closed in general, as seen from the following ex}am

Example 3.45: Consider X={a, b, c, d} and ={X, 0,{a},{b},{a,b},{a,b,c}} then the set
A={a,d} is both semi open and pre generalized neigular weakly closed but nai-closed
in X.

Theorem 3.46:1f a subset A of a topological space X is botlgutar semi open and gprw-
closed thenitis pre generalized pre regulakiyezlosed.

Proof: Let A be an regular semi open and gprw-closeidinsg. Let ACJU and U be rg -
open in X. Now AJA by hypothesis pcl(AYJA then we know that pcl(AJAOU, hence
pcl(A)OU, therefore A is pre generalized pre regular weelosed set in X.

Remark 3.47: If it is both regular semi open and pre geneealipre regular weakly
closed, then A need not be gprw-closed in genasadeen from the following example.

Example 3.48:Consider X={a, b, c, d} andr ={X, ¢ ,{a},{b},{a,b},{a,b,c}} then the set
A={a,d} is both regular semi open and pre geneealipre regular weakly closed but not
gprw-closed in X.

Theorem 3.49: If A is both open and g-closed, then A is pgpclesed.

Proof: Ais open and g-closed. Let U be an ¥rgpen set containing A. &A, an open set
and A is g-closed. Therefore cl(&A then Pcl(AEcl(A)SAcU. Thus every rg -open set
U containing A contains Pcl(A) .Therefore A is pgprw-closed.

February, 201%Journal of Computer and Mathematical Sciefjeasw.compmath-journal.org



R. S. Waligt al., J. Comp. & Math. Sci. Vol.6 (2), 113-125 (2015) 123

Theorem 3.50 If A is regular- open and gpr-closed, then ipgprw-closed.

Proof: A is regular-open and gpr-closed. Let U be a-ogen set such that QU.
Therefore pcl(A)SA and pcl(A)<U. Thus every rg -open set U containing A contains
pcl(A). Hence A is pgprw -closed.

Theorem 3.51:If A is both regular-open and rg-closed, then pgprw-closed.

Proof: A is a regular- open and rg-closed set. Let AJ where U is rg - open. ACA, a
regular- open set and A is rg-closed . So clEé®) then pcl(A)S cl(A). Therefore pcl(AE

A, A cU. Therefore pcl(A U. Thus every rg -open set U containing A contains
pcl(A) . Therefore A is pgprw-closed.

Theorem 3.52: If a subset A of topological space X is a pre geliwed pre regular weakly
closed set in X then pCI(A) - A does not contaiy aon empty rg-closed set in X.

Proof: Let A is a pre generalized pre regular weakly etbset in X and suppose F be an non
empty ragi-closed subset of pCI(A) — A. [B pCI(A) — A =>FO pCI(A) N (X—A) => FO
pCI(A) --(1) & FOX-A=> AOX-F and X - Fis rg-open set and A is a pre
generalized pre regular weakly closed set, pCIAX— F . => FO X — pCI(A) --(2)
from equations (1) and (2) we gefIpCI(A)N(X —pCI(A)) =0 =>F =p. Thus pCI(A) —

A does not contain any non emptyrglosed set in X.

However the converse of the above theorem needeadtue as seen from the following
example.

Example 3.53:Let X={a, b, ¢} and t ={X, @ ,{a},{b ,c }} then the set A={a,b}, pCI(A) —
A= {a,b,c} — {a,b} ={c} does not contain non emptyga-closed set in X, but A is not pre
generalized pre regular weakly closed set in X.

Corollary 3.54:1f a subset A of topological space X is an preegatized pre regular weakly
closed set in X then pCI(A)-A does not contain amy empty regular open set in X but
converse is not true.

Proof: Proof of this Corollary follows fronftheorem: 3.52 & the fact that every regular open
set is rgi-open set.

Theorem 3.55Let A be pre generalized pre regular weakly clased, then A is p-closed if
& only if pCI (A)-A is rgo -closed.

Proof: Necessity : suppose A be p- closed. Then AGIA and so pCl (A)-A =0 which

February, 201%Journal of Computer and Mathematical Sciefjeasw.compmath-journal.org



124 R. S. Waliet al., J. Comp. & Math. Sci. Vol.6 (2), 113-125 (2015)

is rgo -closed. Sufficiency: suppose A is pre generaligeslregular weakly closed in X &
pCl (A)-A is rgu -closed from Theorem: 3.52 then pClI (A)-#—> pCl (A)=A .Therefore
Ais p-closed.
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