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ABSTRACT

In this paper, we introduce total line-cut transformation graphs. We
investigate some basic properties such as connectedness, graph equations and
diameters of the total line-cut transformation graphs.
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1. INTRODUCTION

By agraph G=(V, E), we mean a simple, finite, undirected graphs without isolated
points. For any graph G, let V(G), E(G), W(G) and U(G) denote the point set, line set,
cutpoint set and block set of G, respectively. The lines and cutpoints of a graph are called its
members.

Eccentricity of a point u € V(G) is defined as e(w)=max{d;(u,v): v € V(G)},
where d;(u,v) is the distance between u and v in G. The minimum and maximum
eccentricities are theradius r(G) and diameter diam(G) of G, respectively.

A cutpoint of a connected graph G is the one whose removal increases the number of
components. A nonseparable graph is connected, nontrivia and has no cutpoints. A block of
agraph G isamaximal nonseparable subgraph. Theline graph L(G) of G isthe graph whose
point set is E(G) in which two points are adjacent if and only if they are adjacent in G*. The
jump graph J(G) of G is the graph whose point set is E(G) in which two points are adjacent
if and only if they are nonadjacent in G*. If a block is incident with cutpoints €1,C2y- ) Cry
r = 2, we say that ¢; and ¢; are coadjacent wherei # j and 1 < i, j < r. The cutpoint graph
C(G) of agraph G is the graph whose point set corresponds to the cutpoints of G and in
which two points of C(G) are adjacent if the cutpoints of G to which they correspond lie on a
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common block®. Let [x] (]x]) denote the least (greatest) integer greater (less) than or equal to
x. For graph theoretic terminology, we refer to®®.

2. TOTAL LINE-CUT TRANSFORMATION GRAPHS ¢**

In*?, Wu and Meng generalized the concept of total graph and introduced the total
transformation graphs and defined as follows:

Definition: Let G = (V, E) be a graph, and x, y, z be three variables taking values + or —.

The transformation graph G*¥# isthe graph having V(G) U E(G) asthe point set, and for a,

B €V(G)VUE(G),aand B areadjacent in G*¥# if and only if one of the following holds:

(D) a, BEV(G). a and B are adjacent in G if x =+ ; a and B are nonadjacent in G if
X =—.

(i a, B €E(G). a and B are adjacent in G if y=+4 ; a and B are nonadjacent in G if
y=-—.

(iii) a €V(G), B € E(G). a and B areincident in G if z=+ ; @ and B are nonincident in

Gifz=—.

Let G = (V,E) be a graph with block set U(G)={B;:B; is a block of G}. If B € U(G)

with point set {uy, u,,...,u,; v = 2}, then we say that the point u; and block B are incident

with each other where 1 < i < r. Two blocks B; and B; in U(G) are said to be adjacent if

they are incident with a common cutpoint. In [3], B. Basavanagoud et. a generalized the

concept of total-block graph and introduced the block-transformation graphs and defined as

follows:

Definition: Let ¢ = (V, E) be agraph with block set U(G), and et a, 3, y be three variables

having values 0 or 1. The block-transformation graph G*5Y is the graph having V (G) U

U(G) as the point set. For any two vertices x and y € V(G) U U(G) we define a, B, y as

follows:

(i) Supposex,y areinV(G). a=1if x andy areadjacent in G. a=0 if x and y are
nonadjacent in G.

(ii) Supposex,y areinU(G). B=1if x andy areadjacentin G. $=0if x and y are
nonadjacent in G.

(iii) x e V(G) andy € U(G). y=1 if x and y areincident with each other in G. y=0 if x and

y are nonincident with each other in G.

In’, Kulli et al., introduced the concept of lict and litact graph. In', the lict graph is
also called line-cut graph of G. Now we call litact graph astotal line-cut graph of G. Inspired
by the definition of total transformation graphs™ and block-transformation graphs’, we
generalize the concept of total line-cut graph’ and introduce the graph valued functions
namely total line-cut transformation graphs and we define as follows.

Definition: Let G = (V, E) be a graph with cutpoint set W(G)={c;, c,,..., ¢}, and x, y, z be
three variables taking values + or —. The total line-cut transformation graph G*¥# is the
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graph having E(G) U W(G) as the point set, and for a, B € E(G) UW(G), « and B are

adjacent in G*¥# if and only if one of the following holds:

(i)a,B € E(G). a and § areadjacent in G if x = 4+ ; « and B are nonadjacent in G if x = —.

(i) a, B € W(G). a and B are adjacent or coadjacentin G if y = + ; a and 8 are
nonadjacent or noncoadjacent in G if y = —.

(i) € E(G), B €eW(G). « and B areincident in G if z=+ ; a and B are nonincident in
Gifz=—-.

Thus, we obtain eight kinds of total line-cut transformation graphs, in which G+ is
thetotal line-cut graph of G *, and G~~~ isits complement. Also, G™=*, G+~ and G~** are
the complements of G*+~, Gt~ and G*~~, respectively. Many papers are devoted to total
line-cut graph™®.

The point ¢;" (e;") of G*? corresponding to a cutpoint c; (line e;) of G and is
referred to as cutpoint (line) vertex.

The following will be useful in the proof of our results.
Remark 2.1 L(G) isaninduced subgraph of G*YZ.

Remark 2.2 J(G) isaninduced subgraph of G™Y2.
Remark 2.3 If G is connected, then C(G) is connected.

Theorem 2.1 °If G is connected, then L(G) is connected.

Theorem 2.2 ** Let G be a graph of size q > 1. Then J(G) is connected if and only if G
contains no line that is adjacent to every other lines of G unlessG = K, or C,.

Theorem 2.3 % For a given graph G, J(G)=G if and only if G = Cs or cor(K3), where
cor(K3)is defined asfollows: Let K;=v,v,v5 beatriangle, and let
V(cor(K3))={u1, uz, uz} U {vy, v, v3} and E(cor(K3))=E (K3) U {u1v1, upv,, u3vs}.

Theorem 2.4 " A connected graph G isisomorphic toits G*** if and only if G isa cycle.

Theorem 2.5 For any nontrivial graph G, GtY#2=L(G) if and only if G is a block.

Proof. Suppose G is ablock. It is known that G has no cutpoints. Then G *Y# has g points. By
definition of L(G) it has q points. Clearly G t¥?=L(G).

Conversely, suppose G*Y?=L(G) . Assume G is not a block. Then there exist at least one
cutpoint. It is known that L(G) has q points where as the number of points of G Y% are the
sum of the number of lines and cutpoints of G. Thus L(G) has less number of points than
G*YZ Clearly G*Y% # L(G), acontradiction.

Theorem 2.6 For any nontrivial graph G, G 7Y?=](G) if and only if G isa block.

Proof. Suppose G isablock. It is known that G has no cutpoints. Then G ~# has g points. By
definition of J(G) it has g points. Clearly G ™Y*=L(G).

Conversely, suppose G™7#“=]J(G) . Assume G is not a block. Then there exist at least
one cutpoint. It is known that J(G) has q points where as the number of points of G™# are
the sum of the number of lines and cutpoints of G. Thus J(G) has less number of points than
G~Y%. Clearly G7% # J(G), acontradiction.
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3. CONNECTEDNESS OF G*»*

Thefirst theorem is well-known.
Theorem 3.1 For agivengraph G, G*** isconnected if and only if G is connected.

Theorem 3.2 Let G=(p, q) be a nontrivial graph with ¢ > 2 lines. Then G**~ is connected
if and only if G satisfies following conditions

(i) G # K

(i) G # K1 UKy,

(iii) G # UL, B;

(V) G # Ky U (U4 BY).

Proof. Suppose a graph G satisfies conditions (i), (ii), (iii) and (iv). We prove the result by
following cases.

Case 1. If G is connected, then we have the following subcases.

Subcase 1.1. If G is a block, then from Theorem 2.5, G**~=L(G). Therefore by Theorem
2.1, G**~ isconnected.

Subcase 1.2. If G has at least one cutpoint, then by Theorem 2.1 and Remark 2.3, L(G) and
C(G) are connected subgraphs of G**~ and also each cutpoint vertex is adjacent to at least
one line vertex because every cutpoint is nonincident with at least onelinein G. Hence G+~
is connected.

Case 2. If G is disconnected with G4, G,..., Gy, n = 2 components. By conditions (ii), (iii)
and (iv), one of the component G; is not a star with at least one cutpoint ;. If thelinese; and
e; are nonadjacent in G, then the line vertices e;" and e;" are connected by cutpoint vertex c;’
in G**7. If the lines e, and e,, are adjacent in G, then the line vertices e,’ and e, are
adjacent in G**~. Therefore every pair of line vertices are connected in G**~. Also if the
cutpoints ¢, and c,, are adjacent or coadjacent in G, then cutpoint vertices ¢’ and ¢, are
adjacent in G**~. If the cutpoints ¢; and ¢, are nonadjacent or noncoadjacent in G, then
cutpoint vertices ¢;’ and ¢,’ are connected by a line vertex e;’ (cutpoint vertex c;’)
corresponding to the line e (cutpoint ¢) which is nonincident (adjacent or coadjacent) with
both the cutpoints ¢; and ¢, in G or cutpoint vertices ¢;’ and c,’ are connected by line
vertices e;' and e,’, such that e, is nonincident with ¢; and e, is nonincident with ¢, in G.
Therefore every pair of cutpoint vertices are connected in G*+~. And also each cutpoint
vertex is adjacent to at least one line vertex because every cutpoint is nonincident with at
least one linein G. Hence G**~ is connected.
Conversely, (i) If G = Ky, then G**~ = K, U K; isdisconnected, a contradiction.
(i) If G =K, UKy, thenG**~ = K1 UK, isdisconnected, a contradiction.
(iii) If G = UL, By, then G**~ = UL, L(B;) isdisconnected, a contradiction,
(iv) If G = K1, U (Ujzq B, then G+~ = K, U (UL, L(B;) + K;) isdisconnected, a
contradiction.
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Theorem 3.3 Let G=(p, q) be a nontrivial graph with g > 2 lines. Then G*~* is connected
if and only if G satisfies following conditions

(i) G # UL, B;

(il) G # G, VU G,, where G; isagraph with at least one cutpoint and G, isaunion of blocks.
Proof. Suppose a graph G satisfies conditions (i) and (ii). We prove the result by following
Cases.

Case 1. If G is connected, then we have the following subcases.

Subcase 1.1. If G is a block, then by Theorem 2.5, G*~*=L(G). Therefore by Theorem 2.1,
G*~* is connected.

Subcase 1.2. If G hasat least one cutpoint, then by Theorem 2.1, L(G) is connected subgraph
of G*~*. Therefore every pair of line vertices are connected. If the cutpoints c, and c, are
nonadjacent or noncoadjacent in G, then cutpoint vertices ¢, and ¢, are adjacent in G+~ If
the cutpoints ¢; and ¢, are adjacent or coadjacent in G, then cutpoint vertices ¢;’ and ¢,’ are
connected by a line vertex e;’ (cutpoint vertex c;") corresponding to the line e (cutpoint ¢)
which is incident (nonadjacent or noncoadjacent) with both the cutpoints ¢; and ¢, in G or
cutpoint vertices ¢;’ and ¢, are connected by line verticese;’ and e,’, such that e, isincident
with ¢; and e, is incident with ¢, in G. Therefore every pair of cutpoint vertices are
connected in G*~F. Also each cutpoint vertex is adjacent to at least one line vertex because
each cutpoint is incident with at least onelinein G. Hence G*~* is connected.

Case 2. If G is disconnected with G,, G,,..., G,,, n = 2 components. By conditions (i) and

(i), C(G) is connected subgraph of G*~*, therefore every pair of cutpoint vertices are

connected in G*~*. If the lines e, and e,, are adjacent in G, then line vertices e,' and e,,” are

adjacent in G*~*. If thelines e; and e; are nonadjacent in G, then line vertices e; and e;’ are

connected by cutpoint vertex c;’. Therefore every pair of line vertices are connected. Also

each cutpoint vertex is adjacent to at least one line vertex because each cutpoint is incident

with at least onelinein G. Hence G *~* is connected.

Conversely, (i) If 6 = Ul~, B;, then G*~"=U]-, L(B;) isdisconnected, a contradiction.

(i) If G = G, U G,, where G, isagraph with at least one cutpoint and G, isaunion of
blocks, G*=* = G~ U L(G,) is disconnected, a contradiction.

Theorem 3.4 Let G=(p, g) be a nontrivial graph with g = 2 lines. Then G *~~ is connected if

and only if G satisfies the following conditions

(i) G # Ky

(i) G # UL, B;

(iii) G # K1, U (Uiz, By).

Proof. Suppose a graph G satisfies conditions (i), (ii) and (iii). We prove the result by

following cases.

Case 1. If G isconnected, then we have the following subcases.
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Subcase 1.1. If G is ablock, then by Theorem 2.5, G*~~=L(G). Therefore by Theorem 2.1,
G*~~ isconnected.

Subcase 1.2. If G hasat least one cutpoint, then by Theorem 2.1, L(G) is connected subgraph
of G*~~. Therefore every pair of line vertices are connected in G*~~. If the cutpoints ¢; and
¢, are nonadjacent or noncoadjacent in G, then cutpoint vertices ¢, and ¢,’ are adjacent in
G*~~. If the cutpoints ¢, and c, are adjacent or coadjacent in G, then cutpoint vertices c,’
and ¢, are connected by line vertex e;" (cutpoint vertex c,") corresponding to the line e;
(cutpoint ¢,) which is nonincident (nonadjacent or noncoadjacent) with both cutpoints ¢, and
¢y in G or c,’ and ¢, are connected by line vertices e," and e,,’, such that e, is nonincident
with ¢, and e, is nonincident with ¢, in G. Therefore every pair of cutpoint vertices are
connected in G*~~. Also each cutpoint vertex is adjacent to at least one line vertex because
each cutpoint is nonincident with at least onelinein G. Hence G*~~ is connected.

Case 2. If G is disconnected with G4, Gs,..., G,, n = 2 components. By conditions (ii) and

(iii), C(G) is connected subgraph of G*~~, therefore every pair of cutpoint vertices are

connected in G*~~. If the lines e; and e; are nonadjacent in G, then line vertices e;’ and e;’

are adjacent in G. If the lines e,, and e,, are adjacent in G, then line verticese,’ and e, are

connected by line vertex e;’ (cutpoint vertex c;") corresponding to the line e; (cutpoint c;)

which is adjacent (nonincident) with both the lines e, and e, in G or line verticese,’ and e,

are connected by cutpoint vertices c¢,” and c,," such that ¢, is nonincident with e, and c,, is

nonincident with e, in G. Therefore every pair of line vertices are connected in G*~~. Also

each cutpoint vertex is adjacent to at least one line vertex because each cutpoint is

nonincident with at least onelinein G. Hence G*~~ is connected.

Conversely, (i) If G = K; ,, then G*~~ = K, U K; is disconnected, a contradiction.

(i) If G = U=, B;, then G*~~ = UL, L(B;) isdisconnected, a contradiction.

(iii) If G = Ky, U (Ulzq By), thenG*~~ = K, U (Uj=, L(B;) + K;) isdisconnected, a
contradiction.

Theorem 3.5 Let G beanontrivial (p, q) graph with g = 2 lines. Then G~ is connected if

andonly if G # K3, C4, Ky, K, — x (Wherex isany linein K,) has no line which is adjacent to

all other lines and is nonincident to a cutpaint.

Proof. Let G be anontrivia (p,q) graph withq > 2, G # K3, C,, K4, K, — x (Where x is any

line in K,) has no line which is adjacent to all other lines and is nonincident to a cutpoint.

Thento prove G ~** is connected. We consider the following cases.

Case 1. If G is connected, then we have the following subcases.

Subcase 1.1. If G isablock and G # K3, C4, Ky, K, — x(Where x is any linein K,), then by

Theorem 2.6, G~** = J(G). Therefore by Theorem 2.2, G~** is connected.

Subcase 1.2. If G hasat least one cutpoint. If G contains no line which is adjacent to all other

lines, then by Theorem 2.2, /() is connected subgraph of G=** or if G contains at least one

line e which is adjacent to all other lines, clearly e is incident with a cutpoint ¢ in G.
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Therefore every pair of line vertices are connected in G~**. And from Remark 2.3, C(G) is
connected subgraph of G~**. Therefore every pair of cutpoint vertices are connected in
G~**. Also each cutpoint vertex is adjacent to at least one line vertex because every cutpoint
isincident with at least onelinein G, hence G+ is connected.

Case 2. If G is not connected, then J(G) is connected subgraph of G~**. Therefore every
pair of line vertices are connected. If the cutpoints ¢; and ¢, are adjacent or coadjacent in G,
then cutpoint vertices ¢;” and ¢,’ are adjacent in ¢~**. If the cutpoints ¢, and c, are
nonadjacent or noncoadjacent in G, then the cutpoint vertices c," and c,," are connected by
line vertex e;’ (cutpoint vertex c,") corresponding to a line e; (cutpoint c¢;) which isincident
(adjacent or coadjacent) with both cutpoints c,, and c,, in G or cutpoint vertices c¢,' and c,’
are connected by line vertices e,' and e,’, such that e, isincident with ¢, and e,, isincident
with ¢, in G. Therefore every pair of cutpoint vertices are connected in G~**. Also each
cutpoint vertex is adjacent to at least one line vertex because every cutpoint is incident with
at least onelinein G, hence G~** is connected.

Conversely, clearly G~** is connected for any graph G of sizeq = 2, G # K3,Cy, K4, Ky — X
(where x isany linein K,) has no line which is adjacent to al other lines and is nonincident
to a cutpoint.

Theorem 3.6 Let G be anontrivial (p, q) graph with g = 2 lines. Then 6™~ is connected if
andonly if G # K3, Cy, Ky, K, — x (Wherex isany linein K,) has no line which is adjacent to
all other lines and is nonincident to a cutpaint.

Proof. Let G be anontrivia (p, q) graph withq > 2, G # K3, C,4, K4, K, — x (Where x is any
linein K,) has no line which is adjacent to al other lines and is nonincident to a cutpoint.
Thento prove G ~~* is connected. We consider the following cases.

Case 1. If G isconnected, then we have the following subcases.

Subcase 1.1. If G isablock and G # K3, C,, K4, K4 — x(Where x is any line in K,), then by
Theorem 2.6, G~ = J(G). Therefore by Theorem 2.2, G~ is connected.

Subcase 1.2. If G hasat least one cutpoint. If G contains no line which is adjacent to all other
lines, then by Theorem 2.2, /() is connected subgraph of G~~* or if G contains at least one
line e which is adjacent to all other lines, clearly e is incident with a cutpoint ¢ in G.
Therefore every pair of line vertices are connected in G ~~. If the cutpoints c, and c, are
nonadjacent or noncoadjacent in G, then cutpoint vertices ¢, and ¢, are adjacent in G~ If
the cutpoints ¢, and c,, are adjacent or coadjacent in G, then the cutpoint vertices ¢, and ¢,
are connected by line vertex e;' (cutpoint vertex c;") corresponding to the line e; (cutpoint
¢1) Which is incident (nonadjacent or noncoadjacent) with both cutpoints ¢, and c,, in G or
cutpoint vertices c,' and c," are connected by line vertices e,’ and e,’, such that e, is
incident with ¢, and e,, isincident with ¢, in G. Therefore every pair of cutpoint vertices are
connected in G~~F. Also each cutpoint vertex is adjacent to at least one line vertex because
each cutpoint is incident with at least onelinein G. Hence G~ is connected.
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Case 2. If G is not connected, then J(G) is connected subgraph of G~~*. Therefore every
pair of line vertices are connected. If the cutpoints c, and ¢, are nonadjacent or
noncoadjacent in G, then the cutpoint vertices c,’ and c,’ are adjacent in G=~*. If the
cutpoints ¢, and c,, are adjacent or coadjacent in G, then the cutpoint vertices c,’ and ¢, are
connected by line vertex e;’ (cutpoint vertex c¢;") corresponding to the line e; (cutpoint c;)
which is incident (nonadjacent or noncoadjacent) with both cutpoints ¢, and ¢, in G or
cutpoint vertices c,' and c," are connected by line vertices e,’ and e,’, such that e, is
incident with ¢, and e,, isincident with ¢, in G. Therefore every pair of cutpoint vertices are
connected in G ~~*. Also each cutpoint vertex is adjacent to at least one line vertex because
each cutpoint is incident with at least onelinein G. Hence G~ is connected.

Conversaly, clearly G~ is connected for any graph G of sSizeq = 2, G # K3,C4, Ky, Ky — x
(where x isany linein K,) has no line which is adjacent to all other lines and is nonincident
to a cutpoint.

Theorem 3.7 Let G beanontrivial (p, q) graph with g = 2 lines. Then G~ is connected if
and only if G # Ky p, K3, Cy, K4, Ky — x (Where x is any line in K,) has no line which is
adjacent to all other linesand isincident to a cutpoint.

Proof. Let G be anontrivid (p, q) graphwithq = 2, G # K, 5, K3, C4, K4, Ky — x (Where x is
any linein K,) has no line which is adjacent to all other lines and is incident to a cutpoint.
Then to prove G ~*~ is connected. We consider the following cases.

Case 1. If G isconnected, then we have the following subcases.

Subcase 1.1. If G isablock and G # K3, C4, K4, K, — x(Where x is any line in K,), then by
Theorem 2.6, G ™t~ = J(G). Therefore by Theorem 2.2, G ="~ is connected.

Subcase 1.2. If G hasat least one cutpoint. If G contains no line which is adjacent to all other
lines, then by Theorem 2.2, /() is connected subgraph of G~ or if G contains at least one
line e which is adjacent to all other lines, clearly e is incident with a cutpoint ¢ in G.
Therefore every pair of line vertices are connected in G ~*~. Also from Remark 2.3, C(G) is
connected subgraph of G~*~. Therefore every pair of cutpoint vertices are connected in
G~*~. Also each cutpoint vertex is adjacent to at least one line vertex because each cutpoint
is nonincident with at least onelinein G. Hence G ~*~ is connected.

Case 2. If G is not connected, then J(G) is connected subgraph of G ~*~. If the cutpoints c,
and c, are adjacent or coadjacent in G, then the cutpoint vertices c,’ and c,’ are adjacent in
G~*~. If the cutpoints c, and c,, are nonadjacent or noncoadjacent in G, then the cutpoint
vertices ¢," and ¢,," are connected by line vertex e, " (cutpoint vertex ;") corresponding to the
line e; (cutpoint c;) which is nonincident (adjacent or coadjacent) with both cutpoints ¢, and
cy in G or cutpoint vertices ¢’ and c,," are connected by line vertices e,' and e,,’, such that e,
is nonincident with ¢, and e,, is nonincident with ¢, in G. Therefore every pair of cutpoint
vertices are connected in G~7~. Also each cutpoint vertex is adjacent to at least one line
vertex because each cutpoint is nonincident with at least one line in G. Hence G™*~ is
connected.
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Conversdly, clearly Gt~ is connected for any graph G of size g =2,
G # Ky, K3,C4, Ky, Ky — x (Where x is any line in K,) has no line which is adjacent to all
other lines and isincident to a cutpoint.

Theorem 3.8 Let G bea nontrivial (p, q) graph with g = 2 lines. Then G~~~ is connected if
and only if G # K, p, K3, Cy, Ky, Ky — x (Where x is any line in K,) has no line which is
adjacent to all other linesand isincident to a cutpoint.

Proof. Let G beanontrivid (p, q) graphwithq = 2, G # K, ;, K3, C4, Ky, Ky — x (Where x is
any line in K,) has no line which is adjacent to al other lines and is incident to a cutpoint.
Then to prove G~~~ is connected. We consider the following cases.

Case 1. If G is connected, then we have the following subcases.

Subcase 1.1. If G isablock and G # K3, Cy, Ky, K, — x(Where x is any line in K,), then by
Theorem 2.6, G~~~ = J(G). Therefore by Theorem 2.2, G~~~ is connected.

Subcase 1.2. If G has at least one cutpoint. If G contains no line which is adjacent to all other
lines, then by Theorem 2.2, J(G) is connected subgraph of G~~~ or if G contains at |east one
line e which is adjacent to all other lines, clearly e is incident with a cutpoint ¢ in G.
Therefore every pair of line vertices are connected in G~~~ If the cutpoints ¢, and c, are
nonadjacent or noncoadjacent in G, then the cutpoint vertices ¢,' and ¢," are adjacent in
G~~~. If the cutpoints ¢, and c,, are adjacent or coadjacent in G, then the cutpoint vertices
¢, and ¢, are connected by line vertex e;' (cutpoint vertex c;') corresponding to the line e,
(cutpoint ¢;) which is nonincident (nonadjacent or noncoadjacent) with both cutpoints ¢, and
¢y in G or cutpoint vertices c,” and c,," are connected by line vertices e,' and e,,’, such that e,
is nonincident with c, and e,, is nonincident with c,, in G. Therefore every pair of cutpoint
vertices are connected in G~~~. Also each cutpoint vertex is adjacent to at least one line
vertex because each cutpoint is nonincident with at least one line in G. Hence G~~~ is
connected.

Case 2. If G is not connected, then J(G) is connected subgraph of G ~~~. Therefore every
pair of line vertices are connected in G~~~ If the cutpaints ¢, and c,, are nonadjacent or
noncoadjacent in G, then the cutpoint vertices c¢,’ and ¢, are adjacent in ¢~ ~. If the
cutpoints ¢, and c,, are adjacent or coadjacent in G, then the cutpoint vertices c,’ and ¢, are
connected by line vertex e;’ (cutpoint vertex c¢;") corresponding to the line e; (cutpoint c;)
which is nonincident (nonadjacent or noncoadjacent) with both cutpoints c, and c,, in G or
cutpoint vertices c,’ and ¢,’ are connected by line vertices e,’ and e,’, such that e, is
nonincident with ¢, and e,, is nonincident with ¢, in G. Therefore every pair of cutpoint

vertices are connected in G~~~. Also each cutpoint vertex is adjacent to at least one line
vertex because each cutpoint is nonincident with at least one line in G. Hence G~~~ is
connected.

Conversely, clearly G~~~ is connected for any graph G of size =2, G #+
K1, K3, C4, Ky, K4 — x (Where x is any line in K,) has no line which is adjacent to all other
lines and isincident to a cutpoint.
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4. GRAPH EQUATIONSAND ITERATIONS OF G**

For a given graph-operator ® and a graph G, we define the iterations of @ as follows:
1. 0Y6) = ¢(G) 2.D"(G) = ¢(P" () forn > 2.
For a given total line-cut transformation graph G*¥*, we define the iteration of G*¥* as
follows:
1.6 = gz 2 Y™ = [y for n > 2.
Theisomorphism of G and G*** isshownin [7].
Theorem 4.1 For any nontrivial (p,q) graph G, G*¥*=¢G if and only if G is a cycle C,,
p=3.
Proof. We known that a connected graph G isisomorphic to itsline graph if and only if itisa
cycle. Also from Theorem 2.5, G*¥% = L(G) if and only if G is a block. Therefore a
connected graph G isisomorphictoits Gt¥# if and only if G isacycle.
Corollary 4.2 For any nontrivial (p,q) graph G, G¥2" = G for n > 2 if and only if G isa
cycleCp, p = 3.
Theorem 4.3 For any nontrivial (p,q) graph G, G=**=G if and only if G is Cs or K;,, or
Kip UKy, forp=2,r=2.
Proof. Suppose G ~**=G. Assume G # Cs. We consider the following cases.
Case 1. Suppose G is a block. Then G™**=J(G). By Theorem 2.3, G # J(G) =G~ *F, a
contradiction.
Case 2. Suppose anon block G isunion of star. Then we consider following subcases.
Subcase2.1. If G = K, ,,, then G~**=G.
Subcase2.2. If G=K;,, UK, ,,thenG™**=K, , UK, ,.
Subcase 2.3. If G is a union of more than two stars, then by Theorem 3.5, G™** is
connected, a contradiction.
Case 3. Suppose a non block G is not a union of star. Then we consider the following
subcases.
Subcase 3.1. If G is either union of cycles and stars with g lines, then G~** has at least
q + 1 lines, acontradiction.
Subcase 3.2. If G is neither union of cycles nor union of cycles and stars, then by Theorem
3.5, Gt is connected, a contradiction.
Conversely, if G isCs or Ky, or K; ,, U K ., then clearly G =¥ =G.
Corollary 4.4 For any nontrivial (p, q) graph G, G+ =G for n > 2 if and only if G is Cs
orKipor Ky p UKy, forp>2,r > 2.

Theorem 4.5 For any nontrivial (p,q) graph G, =~ = G if and only if G is C5 or K ,,, for
p =2

Proof. Suppose G ~~*=G. Assume G # Cs. We consider the following cases.

Case 1. Suppose G is a block. Then G™"*=J(G). By Theorem 2.3, G # J(G) =G~ ", a
contradiction.
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Case 2. Suppose anon block G isunion of star. Then we consider following subcases.
Subcase2.1. If G = K, ,,, then G~~*=G.

Subcase 2.2. If G is a union of more than two stars, then by Theorem 3.6, G~ is
connected, a contradiction.

Case 3. Suppose a non block G is not a union of star. Then we consider the following
subcases.

Subcase 3.1. If G is either union of cycles and stars with g lines, then G™~F has at least
q + 1 lines, acontradiction.

Subcase 3.2. If G is neither union of cycles nor union of cycles and stars, then by Theorem
3.6, G~ is connected, a contradiction.

Conversely, if G isCs or K, ,,, then clearly G~~*=G.

Corollary 4.6 For any nontrivial (p,q) graph G, GC=Y" = G for n > 2 if and only if G is
Cs or Ky p, forp > 2.

Theorem 4.7 For any nontrivial (p,q) graph G, 6"~ =G ifand only if G isCs or K;, U
Ky, forp>2,r=>2.

Proof. Suppose G ~*~=G. Assume G # Cs. We consider the following cases.

Case 1. Suppose G is a block. Then G™*7=J(G). By Theorem 2.3, G # J(G) =G~ ", a
contradiction.

Case 2. Suppose anon block G isunion of star. Then we consider following subcases.
Subcase 2.1. If G = K; 5, then G ™" ~=(p + 1)K;, acontradiction.

Subcase2.2. If G=K;, UKy, thenG™*7=K,, UK, ,.

Subcase 2.3. If G is a union of more than two stars, then by Theorem 3.7, G™*~ is
connected, a contradiction.

Case 3. Suppose a non block G is not a union of star. Then we consider the following
subcases.

Subcase 3.1. If G is either union of cycles and stars with g lines, then Gt~ has at least
q + 1 lines, acontradiction.

Subcase 3.2. If G is neither union of cycles nor union of cycles and stars, then by Theorem
3.7, G~ isconnected, a contradiction.

Conversely, if G isCs or K, U K -, thenclearly G ~*7=G.

Corollary 4.8 For any nontrivial (p, q) graph G, G+"=G for n > 2 ifand only if G is Cs
orKip UKy, forp>2,q = 2.

Theorem 4.9 For any nontrivial graph G, G~~~ = G ifand only if G is Cs.

Proof. Suppose G ~~7=G. Assume G # Cs. We consider the following cases.

Case 1. Suppose G is a block. Then G™"7=J(G). By Theorem 2.3, G # J(G) =G~ , a
contradiction.

Case 2. Suppose anon block G isunion of star. Then we consider following subcases.
Subcase 2.1. If G = K5, then G~~~ =(p + 1)K, acontradiction.
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Subcase 2.2. If G is a union of more than two stars, then by Theorem 38, G™7~ is
connected, a contradiction.

Case 3. Suppose a non block G is not a union of star. Then we consider the following
subcases.

Subcase 3.1. If G is either union of cycles and stars with g lines, then G™~~ has a least
q + 1 lines, acontradiction.

Subcase 3.2. If G is neither union of cycles nor union of cycles and stars, then by Theorem
3.8, G~~~ isconnected, a contradiction.

Conversdly, if G isCs, then clearly G~~7=G.

Corollary 4.10 For any nontrivial graph G, G~~" = G if and only if G is Cs.
5. DIAMETERS OF ¢**

Theorem 5.1 For any nontrivial connected graph G,

diam(G***) < diam(G) + 1.

Proof. Let G be a connected graph. We consider the following three cases.
Case 1. Assume G isatree. It iseasy to seethat diam(G*™**) < diam(G) + 1.

Case 2. Assume G is acycle C,, p = 3, then from Theorem 2.4, G*** = L(G). Therefore
diam(G***) = diam(L(G)) < diam(G) + 1.

Case 3. Assume G contains a cycle C,, p = 3 corresponding to a cycle C,, L(C,) is a
subgraphin G***. Therefore diam(G***+) < diam(G) + 1.
From all the above cases, diam(G***) < diam(G) + 1.

Theorem 5.2 If G = (p, q) is nontrivial graph with ¢ = 2, G # C, and satisfying following
conditions

(i) G # Ky p

(i) G # K1 UKy,

(iii) G # UL, B;

(iv) G # K1, U (UL, B)), thendiam(G*+™) < 4.

Proof. Let G be anontrivia graph with g > 2, G # C,, and satisfying conditions (i), (ii), (iii)
and (iv), such that G**~ is connected. We consider the following cases.

Casel. Lete,"and e,’ beline verticesof G**~. If thelinese; and e, are adjacent in G, then
dg++-(e1’,e;)=1. If the lines e; and e, are nonadjacent in G and there exists a line e
(cutpoint ¢) in G which is adjacent (nonincident) to both the lines e; and e, in G, then
dg++-(e1',e;")=2. Otherwise d;++-(e;', e,")=3 or 4. Therefore the distance between any two
lineverticesin G**~ isat most 4.

Case 2. Let ¢;" and ¢,' be cutpoint vertices of G**~. If the cutpoints ¢; and ¢, are adjacent or
coadjacent in G, then dg;++-(c;’,c;")=1. If the cutpoints ¢; and c, are nonadjacent or
noncoadjacent in G and there exists aline e (cutpoint c) in G which is nonincident (adjacent
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or coadjacent) to both the cutpoints ¢; and c, in G, then dg++-(c;’,c;")=2. Therefore the
distance between any two cutpoint verticesin G**~ isat most 2.

Case 3. Let e,” and ¢;’ be line vertex and cutpoint vertex respectively of G**~. If ¢; is
nonincident with e; in G, then d;++-(e;’,c;") = 1. Otherwise d;++-(e;',c;") =2 or 3.
Therefore the distance between line vertices and cutpoint verticesin G+~ isat most 3.
Hence from all the above cases, diam(G**t~) < 4.

Theorem 5.3 If a non trivial connected (p, q) graph G is a cycle C,,, then diam(G**7) =

B

|-

Proof. If G = C,, then by Theorem 4.1, G**~ = G.

Therefore diam(G**+™) = diam(C,) = [g]

Theorem 5.4 If G isnontrivial (p,q) graph with g = 2 lines, p # q and satisfying following

conditions

(i) G # U, B;

(i) G # G, VU G4, where G, isagraph with at least one cutpoint and G, isaunion of blocks,
then diam(G*~%) < 4

Proof. Let G be anontrivial (p, q) graph with g = 2, p # q and satisfying conditions (i) and

(i), such that G*~* is connected. We consider the following cases.

Casel. Lete;’ and e,’ beline verticesof Gt~ 7. If thelinese; and e, are adjacent in G, then
dg+-+(e1’,e;)=1. If the lines e; and e, are nonadjacent in G and there exists a line e
(cutpoint ¢) in G which is adjacent (incident) to both the lines e; and e, in G, then
dg+-+(eq,e;)=2. Otherwise d+-+(e;',e,")=3 or 4. Therefore the distance between any
two line verticesin G*~* isat most 4.

Case 2. Let ¢’ and c¢,’ be cutpoint vertices of G*~*. If the cutpoints ¢; and ¢, are
nonadjacent or noncoadjacent in G, then d;+-+(c;',c,")=1. If the cutpoints ¢; and ¢, are
adjacent or coadjacent in ¢ and there exists a line e (cutpoint ) in G which is incident
(nonadjacent or noncoadjacent)with both the cutpoints ¢; and ¢, in G, then
dg+-+(cy', c;")=2. Otherwise d;+-+(c;’,c;")=3. Therefore the distance between any two
cutpoint verticesin Gt~ * isat most 3.

Case 3. Let e,’ and ¢, be line vertex and cutpoint vertex respectively of G*~*. If ¢; is
incident with e; in G, then dg+-+(e;’,c;)) = 1. Otherwise dg+-+(e;',c;") =2 or 3.
Therefore the distance between line vertices and cutpoint verticesin Gt~ isat most 3.
Hence from all the above cases, diam(G*~*) < 4.

Theorem 5.5 1f G isnontrivial connected graph with g = 2, G # C,, and satisfying following
conditions

(i) G # Ky p

(i) G # UL, B;

(iii) G # K1, U (Ujzq By, thendiam(G*™7) < 4.
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Proof. Let G be a nontrivial graph with ¢ > 2, ¢ # C, and satisfying conditions (i), (ii) and
(iii), such that G*~~ is connected. We consider the following cases.

Casel. Lete,"and e,’ beline verticesof G*~~. If thelinese; and e, are adjacent in G, then
dg+—-(es’,e;)=1. If the lines e; and e, are nonadjacent in G and there exists a line e
(cutpoint ¢) in G which is adjacent (nonincident) to both the lines e; and e, in G, then
dg+—-(e1’,e;")=2. Otherwise d;+--(e;', e,")=3 or 4. Therefore the distance between any two
lineverticesin GT~~ isat most 4.

Case 2. Let ¢;’ and c,’ be cutpoint vertices of G*~~. If the cutpoints ¢; and ¢, are
nonadjacent or noncoadjacent in G, then d;+--(c;’,c;")=1. If the cutpoints ¢; and ¢, are
adjacent or coadjacent in G and there exists a line e (cutpoint ¢) in G which is nonincident
(nonadjacent or noncoadjacent) to both the cutpoints ¢; and ¢, in G, then d;+--(c;', c;)=2.
Otherwise d;+--(c1', c;")=3 or 4. Therefore the distance between any two cutpoint vertices
inG*~~ isa most 4.

Case 3. Let e;’ and ¢’ be line vertex and cutpoint vertex respectively of G* 7. If ¢ is
nonincident with e; in G, then d;+--(e;’,¢;") = 1. Otherwise d;+--(e;',c;") =2 or 3.
Therefore the distance between line vertices and cutpoint verticesin G T~ isat most 3.
Hence from all the above cases, diam(G*~7) < 4.

Theorem 5.6 If a non trivial connected (p, q) graph G is a cycle C,, then diam(G*~7) =

B

Proof. If G = C,, then by Theorem 4.1, G*~~ = G.
, -\ _ s _Ip
Therefore diam(G*~7) = diam(C,) = [E]

Theorem 5.7 If G is a nontrivial graph with g = 2 lines, G # K3, C4, Ky, Ky, — x (Where x is
any line in K,) has no line which is adjacent to all other lines and is nonincident to a
cutpoint, then diam(G~*%) < 3.

Proof. Let G be anontrivial graph with g = 2 lines, G # K3, Cy, K4, K, — x (where x is any
linein K,) has no line which is adjacent to all other lines and is nonincident to a cutpoint,
suchthat Gt is connected. We consider the following cases.

Case l. Let ;" and e,’ be line vertices of G~*. If thelines e; and e, are nonadjacent in G,
then d;-++(e;’,e,")=1. If the lines e; and e, are adjacent in G and there exists a line e
(cutpoint ¢) in G which is nonadjacent (incident) to both the lines e; and e, in G, then
dg-++(e1’,e;")=2. Otherwise d;-++ (e, e,")=3. Therefore the distance between any two line
verticesin G~** isa most 3.

Case 2. Let ¢;" and c,' be cutpoint vertices of G~**. If the cutpoints ¢; and ¢, are adjacent or
coadjacent in G, then d;-++(c;’,c;")=1. If the cutpoints ¢; and c, are nonadjacent or
noncoadjacent in G and there exists aline e (cutpoint ¢) in G which is incident (adjacent or
coadjacent) to both the cutpoints ¢; and ¢, in G, then dg-++(cy’,c;")=2. Otherwise
dg-++(c1', ¢,")=3. Therefore the distance between any two cutpoint vertices in G~** is at
most 3.
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Case 3. Let e,” and ¢;’ be line vertex and cutpoint vertex respectively of G=**. If ¢; is
incident with e; in G, then d;-++(e;,c;") = 1. Otherwise d;-++(e;',c;") =2 or 3.
Therefore the distance between line vertices and cutpoint verticesin G~** isat most 3.
Hence from all the above cases, diam(G~*t*) < 3.

Theorem 5.8 If G isa nontrivial graph with g = 2 lines, G # K3, Cy, Ky, K4 — x (Where x is
any line in K,) has no line which is adjacent to all other lines and is nonincident to a
cutpoint, then diam(G~~%) < 3.

Proof. Let G be anontrivial graph with g = 2 lines, G # K3, Cy, Ky, K, — x (where x is any
linein K,) has no line which is adjacent to al other lines and is nonincident to a cutpoint,
suchthat G~ is connected. We consider the following cases.

Case l. Lete;" and e,’ beline vertices of G~~*. If thelines e; and e, are nonadjacent in G,
then d;--+(e1,e,')=1. If the lines e; and e, are adjacent in G and there exists a line e
(cutpoint ¢) in G which is nonadjacent (incident) to both the lines e; and e, in G, then
de--+(eq',e,)=2. Otherwise d;--+(e;’, e,")=3. Therefore the distance between any two line
verticesin G~ isa most 3.

Case 2. Let ¢y’ and ¢,’ be cutpoint vertices of ¢G~~F. If the cutpoints ¢; and ¢, are
nonadjacent or noncoadjacent in G, then d;--+(c;',c,")=1. If the cutpoints ¢; and ¢, are
adjacent or coadjacent in ¢ and there exists a line e (cutpoint ) in G which is incident
(nonadjacent or noncoadjacent) to both the cutpoints ¢; and ¢, in G, then d;--+(cq', c;")=2.
Otherwise d;--+(c;',c;")=3. Therefore the distance between any two cutpoint vertices in
G~ " isat most 3.

Case 3. Let e,’ and ¢, be line vertex and cutpoint vertex respectively of G=~*. If ¢; is
incident with e; in G, then dg;--+(e;’,c;)) = 1. Otherwise d;--+(e;',c;") =2 or 3.
Therefore the distance between line vertices and cutpoint verticesin G~ isat most 3.
Hence from all the above cases, diam(G~~%) < 3.

Theorem 5.9 If ¢ isanontrivial graph with g > 2 lines, G # K, p, K3, C4, K4, K, — x (Where
x is any line in K,) has no line which is adjacent to all other lines and is incident to a
cutpoint, then diam(G~*7) < 4.

Proof. Let G be a nontrivial graph with g = 2 lines, G # Ky p, K3, Cay Ky Ky — x (where x is
any linein K,) has no line which is adjacent to all other lines and is incident to a cutpoint,
suchthat G~*~ is connected. We consider the following cases.

Case l. Let e, and e,’ be line vertices of G~*~. If thelines e; and e, are nonadjacent in G,
then d;-+-(e;’,e,")=1. If the lines e; and e, are adjacent in G and there exists a line e
(cutpoint ¢) in G which is nonadjacent (nonincident) to both the lines e; and e, in G, then
dg-+-(eq',e,")=2. Otherwise d;-+-(e;’, e,")=3 or 4. Therefore the distance between any two
lineverticesin G~ isat most 4.

Case 2. Let ¢, and ¢,' be cutpoint vertices of G~ ~. If the cutpoints ¢; and c, are adjacent
or coadjacent in G, then d;-+-(c;’,c,")=1. If the cutpoints ¢; and c, are nonadjacent or
noncoadjacent in G and there exists aline e (cutpoint ) in G which is nonincident (adjacent
or coadjacent) to both the cutpoints ¢; and ¢, in G, then d;-+-(c;’,c;")=2. Otherwise
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dg-+-(c1', ¢;")=3. Therefore the distance between any two cutpoint vertices in G~*~ is at
most 3.

Case 3. Let e,” and ¢;’ be line vertex and cutpoint vertex respectively of G="~. If ¢; is
nonincident with e; in G, then d;-+-(e;’,c;") = 1. Otherwise d;-+-(e;',c;") =2 or 3.
Therefore the distance between line vertices and cutpoint verticesin ¢ ~*~ isat most 3.
Hence from all the above cases, diam(G™*t7) < 4.

Theorem 5.10 If G is a nontrivial graph with q =2 lines, G # Ky, K3,C4, K4, Ky — x
(where x isany linein K,) has no line which is adjacent to all other linesand isincident to a
cutpoint, then diam(G~~7) < 4.

Proof. Let G be anontrivial graph with g > 2 lines, G # K, K3, C4, K4, K4 — x (Where x is
any linein K,) has no line which is adjacent to all other lines and is incident to a cutpoint,
such that G =~ is connected. We consider the following cases.

Case l. Let ey’ and e,’ beline vertices of G~ . If thelines e; and e, are nonadjacent in G,
then d;---(e,’, e;")=1. If the lines e; and e, are adjacent in G and there exists a line e
(cutpoint ¢) in G which is nonadjacent (nonincident) to both the lines e; and e, in G, then
de——-(eq',e,)=2. Otherwise d;---(e,’, e,")=3 or 4. Therefore the distance between any two
lineverticesin G~~~ isat most 4.

Case 2. Let ¢y’ and c,’ be cutpoint vertices of G™~. If the cutpoints ¢; and ¢, are
nonadjacent or noncoadjacent in G, then d;---(c;’,c;")=1. If the cutpoints ¢; and ¢, are
adjacent or coadjacent in G and there exists a line e (cutpoint ¢) in G which is nonincident
(nonadjacent or noncoadjacent) to both the cutpoints ¢; and ¢, in G, then dgz---(c;’, c;,)=2.
Otherwise d;---(c;',¢c;")=3. Therefore the distance between any two cutpoint vertices in
G~~~ isa most 3.

Case 3. Let e;’ and ¢, be line vertex and cutpoint vertex respectively of G™~~. If ¢; is
nonincident with e; in G, then d;---(e;’,c;") = 1. Otherwise d;---(e;',¢c;") =2 or 3.
Therefore the distance between line vertices and cutpoint verticesin G~~~ isat most 3.

Hence from all the above cases, diam(G™"7) < 4.
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