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ABSTRACT

In this paper, we introduce line-cut transformation graphs. We investigate some basic properties such as order, size,
connectedness, graph equations and diameters of the line-cut transformation graphs.
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1. INTRODUCTION

By a graph G =(V,E), we mean a simple, finite, undirected graphs without isolated points. For any graph G, let

V(G), E(G), W(G) and U(G) denote the point set, line set, cutpoint set and block set of G, respectively. The
lines and cutpoints of a graph are called its members.

Eccentricity of apoint U €V (G) isdefinedas e(u)=max{d(u,v):v eV (G)}, where dg(u,V) isthe distance
between U and V in G . The minimum and maximum eccentricities are the radius r(G) and diameter diam(G)
of G, respectively.

A cutpoint of a connected graph G is the one whose removal increases the number of components. A nonseparable
graph is connected, nontrivial and has no cutpoints. A block of agraph G is a maximal nonseparable subgraph. A block
is called endblock of a graph if it contains exactly one cutpoint of G . The line graph L(G) of G is the graph whose

point set is E(G) in which two points are adjacent if and only if they are adjacent in G . The jump graph J(G) of

G s the graph whose point set is E(G) in which two points are adjacent if and only if they are nonadjacent in G
[4]. For graph theoretic terminology, we refer to [5, 7].

2. LINE-CUT TRANSFORMATION GRAPHS G»

Inspired by the definition of total transformation graphs [10] and block-transformation graphs [3], we introduce the graph
valued functions namely line-cut transformation graphs and we define as follows.

Definition: Let G = (V,E) be a graph, and let &, S be two elements of E(G) UW (G). We say that the
associativity of  and [ is + if they are adjacent or incidentin G , otherwise is —. Let Xy bea 2 -permutation
of the set {+,—}. We say that @ and f correspond to the first term X of Xy if both @ and S are in E(G)
and a and [ correspond to the second term y of Xy if one of & and S is in E(G) and the other is in
W (G) . The line-cut transformation graph G of G is defined on the point set E(G) UW (G). Two points «

and [ of G are joined by a line if and only if these associativity in G is consistent with corresponding term of

XY . Since there are four distinct 2-permutations of {+,—}, we obtain four line-cut transformations of G namely
G**, G*7, G *and G,
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In other words, let G be a graph, and X, Y be two variables taking values + or —. The line-cut transformation

graph G™ is the graph having E(G)UW (G) as the point set, and for &, f € E(G)UW(G), @ and

are adjacentin G if and only if one of the following holds:

(i) @, feE(G). ¢ and S areadjacentin G if X=+ ; a and [ arenonadjacentin G if X =—.

(i) « eE(G), peW(G). a and S areincidentin G if Y=+ ; o and S arenonincidentin G if
y=-.

It is interesting to see that G** is exactly the lict graph of G [6]. Itis also called as line-cut graph of G [1]. Many papers
are devoted to lict graph [1, 2, 6, 8].

The point ;' (g') of G corresponding to a cutpoint C; (line €;) of G and is referred to as cutpoint (line)
vertex.

Agraph G and all its four line-cut transformation graphs are shown in Fig 1. In line-cut transformation graphs the line
vertices are denoted by dark circles and the cutpoint vertices are denoted by light circles.

€1
€5 Co
Grr: o €
(&1 &1
€3
(J_+ (1__ i

Figure 1
The following will be useful in the proof of our results.
Remark: 2.1 L(G) isan induced subgraph of G** and G* .
Remark: 2.2 J(G) is an induced subgraph of G=* and G~ .

Theorem: 2.1 [5] If G is connected, then L(G) is connected.

Theorem: 2.2 [11] Let G be agraphofsize q>1.Then J(G) is connected if and only if G contains no line that

is adjacent to every other linesof G unless G = K, or C,.

Theorem: 2.3 [6] A connected graph G is isomorphic toits G** ifand only if G is a cycle.
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The following theorem determines the order and size of a line-cut transformation graphs G .

Theorem: 2.4 Let G be a nontrivial connected (P, q) -graph with pointset V (G) ={v,,V,,...,V }, lineset E(G)
={e,,&,,....,e,}, cutpoint set W(G) ={c,,¢c,,...,c,} and block set U(G)={B,,B,,...,B,}, the points of G
have degree d;, and L; be the number of lines to which cutpoint ¢, belongs in G and C(B;) be the number of
cutpoints of a connected graph G which are the points of the block B, . Then the order of GY is

q+1+ ZH:(C(Bi)—l) and

i=1

p m
1. Thesizeof G*~ = —( +%Zdi2+2(q— L).
i=1 i=1
1 p m
q-+ _Ezdiz_'_zl_i'
2 ) 277 F

1 P m
3. Thesizeof 6=~ = (q; ]—%Zdiz‘*Z(q—Li).
i=1 i=1

2. Thesizeof G=*

Proof: If G is a connected graph with P points and q lines, then L(G) has ¢ points. Let C(B,) be the

number of cutpoints of a connected graph G which are the points of the block B, . Then the number of points in the
n

cutpoint graph C(G) is given by 1+ Z(C(Bi)—l). Since L(G) and J(G) have same number of points.
i=1

n
Therefore the order of G = q+1+ Z(C(Bi) -1).
i=1
1. The number of lines in G*~ is the sum of the number of lines in L(G) and sum of the number of lines
nonincident with the cutpoints in G .

1 p m
Thus the sizeof G*~= —( +EZdi2+Z(q -L).
i=1 i=1
2. The number of lines in G~ is the sum of the number of lines in J(G) and sum of the number of lines
incident with the cutpointsin G .

+1) 1 m
Thus the size of 6=+ = a ——Zdi2+ZLi.
2 24T i=1
3. The number of lines in G~ is the sum of the number of lines in J(G) and sum of the number of lines
nonincident with the cutpoints in G .

1 p m
Thus the size of 6=~ = (q; j—%zdin’Z(q_Li)-
i=1 i=1

3. CONNECTEDNESS OF G»

The first theorem is well-known.
Theorem: 3.1 For agivengraph G, G** is connected if and only if G is connected.

Theorem: 3.2 For any graph G with > 2, G*~ is connected if and only if
(i) G# Kl’p
(i) G # Kl,p UK,
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n
(iii) G # LJBi
i=2

(iv) G=K,, u(OBi).
i=1

Proof: Suppose a graph G satisfies conditions (i), (ii), (iii) and (iv). We prove the result by following cases.
Case-1. If G is connected, then we have the following subcases.

Subcase-1.1: If G is a block, then clearly 6+~ =L(G) is connected.

Subcase-1.2: If G has at least one cutpoint, then L(G) is connected subgraph of G*~ and also each cutpoint vertex

is adjacent to at least one line vertex because every cutpoint is nonincident with at least one line in G . Hence G*~ is
connected.

Case-2: If G is disconnected with G,, G, ..., G, components. By conditions (ii), (iii) and (iv) one of the
component G, is not a star with at least one cutpoint C;. For every pair of line vertex €' and ej' whose
corresponding lines €; and €; respectively are non adjacent in G are connected by cutpoint vertex c;' and for

every pair of line vertex e," and ey' whose corresponding lines e, and e, respectively are adjacent in G are
adjacent in G*~. Therefore G*~ is connected.

The converse is obvious.

Theorem: 3.3 For any graph G with =2, G~ is connected if and only if G = K,,C,,K,, K, —Xx (where X

isany line in K, ) has no line which is adjacent to all other lines and is nonincident to a cutpoint.

Proof: let G beaconnected graphwith 0 >2, G = K,,C,,K,,K, =X (where X isanylinein K,)hasno line

which is adjacent to all other lines and is nonincident to a cutpoint. Then to prove G~ * is connected. We consider the
following cases.

Case 1. If G is connected then we have the following subcases.

Subcase-1.1: If G isblockand G # K,,C,,K,, K, —X (where X isanylinein K,), thenclearly 6= = J(G)
is connected.

Subcase-1.2: If G has atleast one cutpoint then we have the following subsubcases.

Subsubcase-1.2.1: If G contains no line which is adjacent to all other lines, then by Theorem 2.2, J(G) is connected
subgraph of G, hence G~ is connected.

Subsubcase-1.2.2: If G contains at least one line € which is adjacent to all other lines, clearly € is incident with a
cutpoint C in G, then line vertices and cutpoint vertices are connected in G~*. Therefore G~ is connected.

Case-2: If G is not connected then J(G) is connected subgraph of G~ and each cutpoint vertex is adjacent to
atleast one line vertex because every cutpoint is incident with atleast one line in G . Hence G~ * is connected.

Conversely, clearly G~ is connected for any graph G of size q>2, G #K,,C,,K,,K, —X (where X isany

linein K, ) has no line which is adjacent to all other lines and is nonincident to a cutpoint.

Theorem: 3.4 For any graph G with =2, G~ is connected if and only if G =K, ,K,,C,,K,, K, —X

(where X isany linein K, ) has no line which is adjacent to all other lines and is incident to a cutpoint.

1Lp’
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Proof: let G be a connected graph with q>2, G =K, ,K;,C,,K,,K, =X (where X isanylinein K,) has

no line which is adjacent to all other lines and is incident to a cutpoint. Then to prove G~ ~ is connected. We consider the
following cases.

Case-1. If G is connected then we have the following subcases.

Subcase-1.1: If G is block and G # K
= J(G) is connected.

10 K3 Gy Ky Ky =X (where X is any line in K, ), then clearly ™~

Subcase-1.2: If G has atleast one cutpoint then we have the following subsubcases.

Subsubcase-1.2.1: If G contains no line which is adjacent to all other lines, then by Theorem 2.2, J(G) is connected
subgraph of G . Hence G~ is connected.

Subsubcase-1.2.2: If G contains at least one line € which is adjacent to all other lines, since G # K, , therefore
there is atleast one line which is nonincident with cutpointin G |, then line vertices and cutpoint vertices are connected in
G~ ~. Therefore G~ is connected.

Case-2: If G is not connected, then J(G) is connected subgraph of G~ and each cutpoint vertex is adjacent to
atleast one line vertex because every cutpoint is nonincident with atleast one line in G . Hence G~ is connected.
Conversely, clearly G~ is connected for any graph G of size =2, G = Kips K;, C,, K, K, =X (where X

isany line in K, ) has no line which is adjacent to all other lines and is incident to a cutpoint.

4. GRAPH EQUATIONS AND ITERATIONS OF G¥

For a given graph operator @ , which graph is fixed under the operator @ ?, thatis ®(G)= G ? It was known that
for a connected graph G, L(G) =G ifandonlyif G isa cycle [9].

For a given line-cut transformation graph G , we define the iteration of G as follows:
g grap
) ey
G G
o' = " Ly
G =[G ] for n>2.

1.

The isomorphism of G and G** is shown in [6].

Theorem: 4.1 Let G be a connected graph. Then L(G)=6*~ ifand only if G is a block.

Proof: Suppose G isablock. Itisknownthat G has no cutpoints. Then G*~ has ( points. By definition of L(G)
ithas g points. Clearly L(G)=6*".

Conversely, suppose L(G)=G*~. Assume G is not a block. Then there exist at least one cutpoint. It is known that
L(G) has g points where as the number of points of G*~ are the sum of the number of lines and cutpoints of G.
Thus L(G) has less number of points than G*~. Clearly G*~# L(G), a contradiction.

Theorem: 4.2 A connected graph G is isomorphic to its G* ~ if and only if G is a cycle.

Proof: We known that a connected graph G is isomorphic to its line graph if and only if it is a cycle. Also from
Theorem 4.1, L(G)=G*~ ifand only if G is a block. Therefore a connected graph G is isomorphic to its G* = if

and only if G isacycle.

Corollary: 4.3 For a nontrivial connected graph G, G =¢™* )" ifand only if G is a cycle.
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Theorem: 4.4 Let G be a connected graph. Then J(G) =6~ * ifand only if G is a block.

Proof: Suppose G isablock. Itis knownthat G has no cutpoints. Then G~* has ( points. By definition of J(G)
ithas g points. Clearly J(G)=6"+.

Conversely, suppose J(G)=G~*. Assume G is not a block. Then there exist at least one cutpoint. It is known that
J(G) has q points where as the number of points of G~* are the sum of the number of lines and cutpoints of G.
Thus J(G) has less number of points than G~ . Clearly 6=+ # J(G), a contradiction.

Theorem: 4.5 A connected graph G is isomorphic to its G~ * ifand only if G is Kl,p or C..
Proof: Suppose G~ *=G. Assume G # C,, K; ,. We consider the following cases.

Case-1: Suppose G is a block. If G = C, then G~ # J(G), a contradiction.

Case-2: Suppose G is not block. If G # K, , then there exists atleast one line which is nonincident with cutpoint in G.
Therefore 6=+ # G, a contradiction.

Conversely, if G is K or Cy, thenclearly 6~ *=G.
Therefore a connected graph G is isomorphic to its G=* ifand only if G is Kl,p or C,.
Corollary: 4.6 For a nontrivial connected graph G, G =6 " ifandonlyif G s Ky, or Cs.

Theorem: 4.7 Let G be a connected graph. Then 6=~ = J(G) ifand only if G isa block.

Proof: Suppose G isablock. Itis known that G has no cutpoints. Then G~ ~ has ( points. By definition of J(G)
ithas  points. Clearly J(G)=6"".

Conversely, suppose J (G)=6~". Assume G is not a block. Then there exist at least one cutpoint. It is known that
J(G) has q points where as the number of points of G~ ~ are the sum of the number of lines and cutpoints of G.
Thus J(G) has less number of points than G~ . Clearly 6=~ # J(G), a contradiction.

Theorem: 4.8 A connected graph G is isomorphic to its G~ ~ ifand only if G is C..

Proof: We known that a connected graph G is isomorphic to its jump graph if and only if it is C, . Also from Theorem

47, J(G)=G~~ ifandonly if G isablock. Therefore a connected graph G is isomorphic to its G~ if and only if
G is C,.

Corollary: 4.9 For a nontrivial connected graph G, G =6 " ifandonlyif G is C,.

5. DIAMETERS OF G

Theorem: 5.1 For any nontrivial connected graph G such that G** is connected,
diam (¢* )< diam(G) +1.

Proof: Let G be a connected graph. We consider the following three cases.
Case-1: Assume G isatree, then clearly diam (¢ *)<diam(G)+1.
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Case-2: Assume G is a cycle C,, p=>3, then from Theorem 2.3, G** = L(G) . Therefore diam (G**)
<diam(G) +1.

Case-3: Assume G contains a cycle C,, p>3 corresponding to a cycle C,, L(C,) is a subgraph in G**.
Therefore diam (¢*+)< diam(G)+1.

From all the above cases, diam (G**)< diam(G) +1.

Theorem: 5.2 For any nontrivial connected graph G with atleast one cutpoint and G # Kl,p such that Gt~ is

connected, diam (G* ™) is atmost 4.

Proof: Let G be a nontrivial connected graph with atleast one cutpoint and G = K, _, such that G*~ is connected.

1,p’
We consider the following cases.

Case-1: Let €' and e," be line verticesof G*~.Ifthelines € and e, areadjacentin G then d;+-(&',e,") =1.
If the lines €, and e, are nonadjacent in G then there exists a line € in G adjacent to both the lines €, and €,
in G or there exists a cutpointin G nonincident with both the lines €, and €, in G . In both the cases

dg+-(€',€,") <2, so that, the distance between any two line vertices in G*~ is atmost 2.
Case-2: Let C,' and C,' be cutpoint vertices of G*~. We consider the following subcases.

Subcase-2.1: If the cutpoints C, and C, are nonadjacentin G and € isalinein G nonincident with both C, and
c, in G, then (c,'e'c,") isapathof length 2 in G*~, hence d;+-(C,',C,") = 2.

Subcase-2.2: If the cutpoints C, and C, are nonadjacent in G and € is a line in G incident with C, but

nonincident with C,,then C," and C," are connected by a path of length 2 in G*~, hence d;+-(C,',C,") = 2.

Subcase-2.3: Let C, and C, be adjacentin G . Ifall the linesof G are incident with C, and C,, then
, w _ (4if nonendblock is K,.
dg+-(C/',C,") = {3 if non endblock is K.

If ¢, and C, are adjacent and there exists a line € which is nonincident with C, and C, in G, then the cutpoint
vertices C,' and C," are connected by line vertex €' in G*~, hence ds+-(C,',C,") = 2.
In all the cases the distance between any two cutpoint vertices in G*~ is atmost 4 .

Case-3: Let C,' and €' be cutpoint vertex and line vertex respectively of G* . If the cutpoint C, is nonincident with
aline e in G, then dg+-(c,',€") =1. If the cutpoint C, is incident withaline € in G, then
v ~n_(2if e isnot a pendant line in G.
dg+- (G & )_{ 3if e, is a pendant line in G.
Therefore the distance between cutpoint vertex and line vertex in G+~ is atmost 4.

Hence from all the above cases, diam (G* ~) is atmost 4.

Theorem: 5.3 Forany graph G ofsize =2, G = K,,C,,K,, K, —x (where X isanylinein K,)hasno line
which is adjacent to all other lines and is nonincident to cutpoint such that G~ * is connected, diam (G~ %) is atmost 3.

Proof: Let G beagraphofsize =2, G = K,,C,,K,, K, —X (where X isany linein K,) has no line which
is adjacent to all other lines and is nonincident to cutpoint such that G~ * is connected. We consider the following cases.
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Case-1: Let €," and €," be the line vertices of G~ 7. If the lines €, and €, are nonadjacentin G, then
de-+(e,',e,") =1. If the lines e, and e, are adjacent in G, then there exists a line € in G which is
nonadjacent to both the lines €, and €, in G or there exists a cutpoint C in G incident to both the lines €, and
e, in G, then d;-+(e,',e,") =2. Otherwise d;-+(e,',e,") =3. Therefore d;-+ (e,',€,") <3, so that the
distance between any two line vertices in G~* is atmost 3.

Case-2: Let C,' and C," be cutpoint vertices in G~ *. We consider the following subcases.

Subcase-2.1: If the cutpoints C, and C, are adjacent in G, then the cutpoint vertices C,' and C," in G~ are
connected by an line vertex €' corresponding to a line €, which is incident with both cutpoints ¢, and c, in G,
hence dg-+(C,',C,") = 2.

Subcase-2.2: If the cutpoints C, and C, are nonadjacentin G and there exists lines € and €, in G such thata
line €, is incident with a cutpoint C, and a line €, is incident with a cutpoint C, in G, then ¢, and C," are
connected by a path of length 3 in G~*, hence d;-+(C,',C,") = 3.

In both subcases the distance between cutpoint vertices in G~ * is atmost 3.

Case-3: Let €' and C,' be line vertex and cutpoint vertex respectively of G~ *. If aline €, is incident with cutpoint
c, in G, then d;-+(e,',C,') =1.1faline €, isnonincidentwith cutpoint C, in G andthereexistaline €, in G
which is incident with cutpoint €, and nonadjacent to a line € in G, then €' and C," are connected by a path of
length 2 in G~ *, hence d;-+(g,',C,') =2.

Hence from all the above cases, diam (G~ *) is atmost 3.

Theorem: 5.4 For any graph G ofsize q>2, G # Kl,p'

no line which is adjacent to all other lines and is incident to cutpoint such that G~ ~ is connected, diam (G~ ") is
atmost 4.

K;,C,, K, K, =X (where X isanylinein K,) has

Proof: Let G beagraphofsize 22, G=K, ,

which is adjacent to all other lines and is incident to cutpoint such that G~ ~ is connected. We consider the following
cases.

K;,C,, K, K, =X (where X isany linein K,) has no line

Case-1: Let €," and €," be the line vertices of G~~. If the lines €, and €, are nonadjacentin G, then

de--(8,",e,") =1.Ifthelines € and e, areadjacentin G ,thenthereexistsaline € in G which is nonadjacent
to both the lines €, and e, in G or there exists a cutpoint C in G nonincident to both the lines €, and €, inG,
then d;-- (el',ez'):z. If there is another cutpoint in G which is incident with either e; or e, then

de--(e,',e,") = 3. Otherwise d¢--(€,',€,") = 4. Therefore d;-- (€,",€,") <4, so that the distance between any
two line vertices in G~ is atmost 4.

Case-2: Let C;' and C,' be cutpoint vertices in G~ ~. We consider the following subcases.

Subcase-2.1: If the cutpoints C, and C, are adjacent in G, then the cutpoint vertices C," and C," in G~ ~ are
connected by an line vertex €' corresponding to the line €, which is nonincident with both cutpoints ¢, and C, in
G, hence d;-- (c,',C,") = 2.

Subcase-2.2: If the cutpoints C; and C, are nonadjacent in G . If there exists a line € which is nonincident with
both ¢, and C, in G, then d;--(C,',C,") = 2. Otherwise d;--(C,',C,") =3.
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Case-3: Let €' and C;' be line vertex and cutpoint vertex respectively of G~ ~. If a line €, is nonincident with

cutpoint C; in G, then dg--(&,",¢,") =1.Ifaline € isincident with cutpoint C, in G and there exist a line €

in G which is nonincident with cutpoint ¢, in G and nonadjacent to a line € in G, then €' and C, are

connected by a path of length 2 in G~ ~, hence d;-- (g,',C,') = 2.
Hence from all the above cases, diam (G~ ) is atmost 4.
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