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Abstract: In this paper, the expressions for third Zagreb indices and coindices of generalized transformation

graphs 6ob and their complement graphs F ur. obtained.
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Introduction: Let G be a simple, undirected graph
with n vertices and m edges. I-et l/(G) and E(G) be

the vertex set and edge set of 6 respectively. If u and
u are adjacent vertices of 6, then the edge connecting
them will be denoted by uv. The degree of a vertex u
in G is the number of edges incident to it and is
denoted by d5(u). The complement of G, denoted by

E, ir a graph having the same vertex set as 6, in
which two vertices are adjacenf if and only if they are

not adiacent in 6. Thus, the size of 6 is (;) -m and

de(r) - n- L - do(v) holds forall v e V(G).

For terminology not defined here we refer the reader

to [s].
In theoretical chemistry, the physico-chemical
properties of chemical compounds are often modeled
by means of molecular-graph-based structure-
descriptors, which are also referred to as topological
indices [+], [8]. The first and the second Zagreb
indices, respectively, defined
M;(G) = Xuey(c) d6(u)2 and

Mz$) = Xuuer(c 1 d5(u)d,5@)

ale widely studied degree-based topological=indices,
that were introduced by Gutman and Trinajstic' [l] in
r972.

In [z], G. H. Fath-Tabar introduced a new Zagreb

index of a graph 6 named as "third Zagreb index'and
is defined as:

ih(G) = Xuuer(6y ldc(u) - dc(v)|.
Recently, Veylak et al. [9] introduced third Zagreb
coindex and is defined as:

UttCl = XuueE(Gy ldc(u) - dr(u)|.
The following earlier established results will be

needed for the pi'esent considerations.
Theorem r.r [g] Let G be a simple graph. Then

Wrq = usE).
Theorem r.z [gJ Let G be a simple graph. Then

Generalized transformation graphs G^ab: The
semitotal-point graph 12(6) of a graph G is a graph

whose vertex set is V(fr1C1) = V$) u [(6) and two
vertices are adjacent in Tz$) if and only if (i) they
are adjacent vertices of 6 or (ii) one is a vertex of G

and other is an edge of 6 incident with it. It was

introduced by Sampathkumar and Chikkodimath [7].
Recently some new graphical transformations were

defined by Basavanagoud et al. [r], which generalizes

the concept of semitotal-point graph.

The generalized transformation graph Gob is a graph

whose vertex set is f(C) U E(G), and a, P eV$a\.
The vertices a and p are adjacent in Gob if and only if
(,r) and (**) holds: (*) a, P e V(G), a, p areadjacent
in 6 ifa = * and a,p arenot adjacent in G ifa = -.
(*,r.) a eV(G) and f e E(G), a, p are incident in G if
b = * and a, p are not incident in G it b = -.
One can obtain the four graphicai transformations of
graphs as G+*, 5+-, 5-+ and 6--. The vertex u1 of
6ob corresponding to a vertex vi of G is referred to as

point vertex and vertex ei of 6ob corresponding to an
edge e; of G is referred to as lfne vertex.

In [r], we obtained the expressions for first and
second Zagreb indices and coindices for generalized

transformation graphs 6ob and their complements

@. Now we obtain the expressions for third Zagreb
indices and coindices for generalized transformation

graphs 6ob and their complements F.
Proposition 2.r ll Let G be a (n,m)-graph. Then the
degree of point and line verfices in Gob are

r. dr*+(a) =Zdc{v) and dr** (r,) =2.
z. dt+-(v) = 7?1 ilild dr*-(e) = ft - 2.

3. ds-*(v)-n- land d5-+(e)=2.
4. dc--@) = ?1 * m-t-Zds(v) and d5--(e1) =

n-2.
Proposition z.z 16l Let G be a (n,m)-graph. Then the

degree of point ond lineverfices in@ are

r. dp(v) = 11 *m-l-Zd5(v) and a;a(ei) =
n+in-3.

z. dV@)-n- 1 and do@) =m* l.
3. dV(v)= rt and d;-(ei) = r * m - 3.

4. dr(u,) =Zdc(v) and dp(e) =m + L.

Results:
Theorem 3t Let G be a graph with n yerfices and m
edges. Then It\(6**) s Llthp) * 4m + zM{G).
Proof. Partition the edge set E(G++) into subsets E1

and. Er, where E, = {uuluu E E(6)} and Ez =
{uel the uertex u is incident to tlte edge e in G}.

It is easy to check that lEl l = m andlE2 | = 2m.
tUG**) = Xuuer(c++; ld5++(u) - d,6++@)l

=Xuuerl ld5*+(u) - do++(v)l * Xrres, lds**(u) -
d5+*@)l
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edges. Then

ur(G.-) s zM3$) + Zm(n - 2) + 4m2 - LM{G).

Proof. Partition the edge set f @) into

subsets Ey Ezand 83, where

E, - {uvluu t. E(G)},E2 = {uelthe vertex u

is not incident to the edge e rn 6] and

E, * {efle,f e E(G)}. It is easy to check that

lE,l = 0 - m,llzl = rn (n - Z)an,,JlE3l = (T)

Mr(F) = Xuy6s1p, ld;r(u) - d6@)l
=Xuuetl ;dr.-(u) - d;*(u)l +

Iueecz |d* (u) - dr-.(e)l * Xele rr id-*(e) -
dFu)t
By Proposition z.z, we have

=Xuuer(6) In * m - 1 - 2dr(u)- (n + m -
L - 2d5(u))l + Irr.r, ln + m - L - Zdc(u) - n -
m + 3l *Lefehln+ m- 3 - n - m + 3l

=EuvcE(G) | - 2d 5 (u) + 2d. 5 (v)l +

Lueeez l2 - 2d5(u)l

=zWG) * Xuey(c) (m - d5@\Q2 -
2d5(u)l)

s 2w$) * Iuev(c) (m - d5@)xlzl +

lzd6(u)l)
W@szWG)+zm(n-2)+4mz -

2t4l{G). +

Theorem 73 Let G be a graph with n vertices and m

edges. Then

W$**) s zh(G) + zm(n - 2) + 4m2 - zM.1G).

Proof. The proof of the theorem follows from

Theorem r.t and Theorem 3.2.

Theorem 3.4 Let G be a graph with n vertices and m

edses.rhen fi@13 zl/',p) * 4m +lM{G).
Proof. The proof of the theorem follows from

Theorem r.z and Theorem 3.t.
Theorem 3.5 Let G be a graph with n vertices and m

tef le, f e E(G)}. It is easy to check that lE, | =

m,llzl=Zmand lE3l = (?)
ur@1= Xuuer(F, ldp(u) - dp(v)l

=)Juuegl ld;r(u) - dp@)l +
Iueer2 ldp(u) - dp@)l + Iel€83 ldr*(e) -
dF0l
In vierv of Proposition z.z, we have

=Xuues(c) ln - 1 - (n - 1)l +Iueer2 ln - 1 -
(m + 1)l *Lereulm + 1 * (m+ 1)l

=Xueer.z ln*m-21
Mr(6--) =Zinln-m-21,.
Theorem 3.7 Let G be a graph with n vertices and m

edges. Then fi(6*-) = Zw.ln - m - 21.

Proof. The proof of the theorem follows from

Theorem r.r and Theorem 3.6.
Theorem 3.8 Let G be a graph with n vertices and m

edges, fhen fr1C*1 = m(n - 2) lm - n + 21.

Proof. The proof of the theorem follows from

Theorem r.z and Theorem 3.5.

Theorem 3.g Let G be o graph with n verfices ond m,

edges. Then M3(6-*) = Zmln - 3,'.

Proof. Partition the edge set E(C-*) into

subsets E1 and Ez, where

E, - {uvluv e E(G)} and E2 = {uelthe vertex

u is incident to the edge e in G|. It is easy to

checkthat lElt = 0 - m and l1zl = 2m.

Ms(G-*) = Iuuer(c-*y ld6-* (u) - dr-.(v)l
=Iuue', ldc--(u) - de-*(u)l +

Eueee2 lde-*(u) - do-*@)l

From Proposition z.t, we have

=Xuuerl ln - 1 - (n - 1)l + Iueer2 ln - 1 -2|1
lvlt(G-*)=Zmln-31.
Theorem 7.rc Let G be a graph with n vertices and m

edges.Then I,i,.(F1 = m(n - 2)13 - nl.
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=Iuuer.1 l2d5@)-Zdr(rr)l + Lr,,rer12- edges.Then M3fC*l =Zmln-m-21.
2d1;@)l Proof. Partition the edge set E@--) into

s LWG) * Xuev(6) ds@)(lTl + lzdr(u)l) subsets Er, Ez and f,3, where
M{G* r) < ZMy(G) + 4m + ZMJG). E, - {uvluv e E(G)}, Ez = luelthe vertex
Theorem 3.2 Let G be o graph with n verf ices and m u is incident to the edge e rn G] and Et=

0-

edges. Then fu(G*-) = rn(n - z)lm - n + 21,.

Proof. Partition the edge set E(6*-)
subsets I and 82, where

E, = {uvluu e f (6)} and E2 = {uelthe
vertex u is not incident to the edge e

in Gj'. It is easy to check that lErl= m

lEzl = m(n-2).
tUG*-) = Xuueric+-1 ldc+-(u) - d6*-(u)l

=Xuuerl ldc*-(u) - do*-(u)l +

Xueer, ldc*-(u) - d6+-@)l

In view of Proposition z.r, we have

=XuueEl lm - ml * Euee;z lm - (n - 2)l

Ms(G*-) = m(n - z)lm - n + 2lr.

into Proof. Partition the edge set EF) into subsets 81,

E2 and 83, where

E, = {uvluv e E(G)}, Ez = {uelthe vertex u

is not incident to the ed.ge e in G\ and

and E, = {ef le,f e E(G)}, It is easy to check that

lErl = m,lEzl - m(n - 2) and l[rl = (T).

UrlC--1= Xu,es(F, ld;-(u) - dp(u)l
=Xuuerl ld;a(u) - d;-(u)l +

Lueeez ld;a(u) - dp(e)l + Xe/€83 ldp(e) -
dpU)l
From Propositio i 2.2,we have
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=Xuue E1 lm - ml *Lueer2lm - (n * m - 3)l + Theorem 3.4 Let G be o graph rirl, , ,uffiffi
edges. ThenLefe\ ln + m- 3 - (n + m- 3)l =Ir"eri, 13 - nl

Mr(F) = m(n- 2)13 - nl.
Theorem 3.t Let G be a groph with n vertices ond m

edges. Then W(C-.) = m(n * 2)13 - nl.
Proof. The proof of the rheorem fbllows fiom
Theorem r.r and Theorem 3.ro.
Theorem ya Let G be a graph with n vertices and m

edges. fhen fi1c*) - Zmln - 31.

Proof. The proof of the theorem follows from
Theorem r.z and Theorem 3.9.
Theorem 1.q Let G be o graph with n vertices and m
edges. Then

Ms(G--) s z$(q + m(m + 1)(n - Z) + 4m2 -
2Mt(G).
Proof. Partition the edge set E'(G*-) into subsets f,
and Er, where E, = {uvluu e EG)} and Ez =
{uelthe
vertex u is not incider,t to the edge e in G).lt is

easy to check that lfl i = (}) - m and llzl = m(n -
2).

Mz(G--) = Iuuerlc -1 lde--(u) - dc--(u)l

=Xuuer, ldc--(u) - dr--(v)l * Xuues, ldr--(u) -
dr--(e)l
In view of Proposition z.r, we have

=Xuuerl In * m - 1 - Zds@) - (n + m -
| - 2d5@))l + X,,.r, ln + m * l - Zdr(u) - (n -
2)l

< zWG) * Xuey(c) (m - d5@\Qm +
1l+ l2d5(u)l)

Mr(G--) <zWG) +mQn + 1)(n - 2)
+ 4mz - aMJG).
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