Author Personal Copy

®

CrossMark

Applied Mathematics and Nonlinear Sciences 2(1) (2017) 285-298

APPLIED MATHEMATICS AND
NONLINEAR SCIENCES

Applied Mathematics and Nonlinear Sciences

http://journals.up4sciences.org

Computing First Zagreb index and F-index of New C-products of Graphs
B. Basavanagoud”, Wei Gao?, Shreekant Patil', Veena R. Desai!, Keerthi G. Mirajkaur1 and Pooja B!

! Department of Mathematics, Karnatak University, Dharwad - 580 003 Karnataka

INDIA
2 Yunnan Normal University, Kunming 650500
CHINA
Submission Info
Communicated by Juan L.G. Guirao
Received 25th March 2017
Accepted 28th June 2017
Available online 28th June 2017
Abstract

For a (molecular) graph, the first Zagreb index is equal to the sum of squares of the degrees of vertices, and the F-index is
equal to the sum of cubes of the degrees of vertices. In this paper, we introduce sixty four new operations on graphs and
study the first Zagreb index and F-index of the resulting graphs.
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1 Introduction

Throughout this paper, we consider only simple graphs. Let G be such a graph on n vertices and m edges.
We denote the vertex set and edge set of G by V(G) and E(G), respectively. Thus, |V(G)| =n and |[E(G)| = m.
As usual, n is said to be the order and m the size of G. If u and v are two adjacent vertices of G, then the edge
connecting them will be denoted by uv. The degree of a vertex w € V(G) is the number of vertices adjacent to
w and is denoted by dg(w). The complement of G, denoted by G, is a graph which has the same vertex set as G,
in which two vertices are adjacent if and only if they are not adjacent in G. The line graph L(G) of a graph G is
the graph with vertex set as the edge set of G and two vertices of L(G) are adjacent whenever the corresponding
edges in G have a vertex in common. The subdivision graph S(G) of a graph G whose vertex setis V(G) UE(G)
where two vertices are adjacent if and only if one is a vertex of G and other is an edge of G incident with it. The
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partial complement of subdivision graph S(G) of a graph G whose vertex set is V(G) U E(G) where two vertices
are adjacent if and only if one is a vertex of G and the other is an edge of G non incident with it. Please refer
to [17,25] for unexplained graph theoretic terminology and notation.

In theoretical chemistry, the physico-chemical properties of chemical compounds are often modeled by
means of molecular-graph-based structure-descriptors which are also referred to topological indices [16, 30].
Topological indices are found to be very useful in chemistry, biochemistry and nanotechnology in isomer dis-
crimination, structure-property relationship, structure-activity relationship and pharmaceutical drug design. The
first and second Zagreb indices of a graph are among the most studied vertex degree based topological indices.
The first and second Zagreb indices, respectively defined by

M((G)= Y deu)*= ¥ ldo(u)+de(v)]andM(G)= Y dc(u)dg(v)
uev(G) uveE(G) uveE(G)

are widely studied degree-based topological indices, that were introduced by Gutman and Trinajsti¢ [15] in
1972.
The vertex-degree-based graph invariant

F(G)= ¥ ds(v)’= ¥ [do(u)*+ds(v)’]
veV(G) uveE(G)

was encountered in [15]. Recently there has been some interest to F, called forgotten topological index or
F-index [10].
Shirdel et al. [29] introduced a new Zagreb index of a graph G named hyper-Zagreb index and is defined as:
HM(G)= ¥ (do(u)+ds(v))*.
weE(G)
Computation of these topological indices of graphs are reported in [2—4, 11-13].
Li and Zhao [27] introduced the first general Zagreb index as follows

% (G)= Y. ldo(u)*.

ueV(G)

It is easy to write that

% (G)= Y, [[do)*™"+(d(v))*].

uveE(G)

The general sum connectivity index [31] was introduced by Zhou et al. and is defined as

MIG)= Y, [do(u)+dc(v)]*, (1
uveE(G)

By Eq. (1), it is consistent to define M; (G) as

MG = ¥ [dg(w)+dg()].
uveE(G)
Here we note that, 02 (G) = M} (G) = M,(G), a3(G) = F(G) and M?(G) = HM(G).

Graph operations play a vital role in chemical graph theory. Different chemically important graphs can be
obtained by applying graph operations on some general or particular graphs. One of the chemically interseting
graph operation is Cartesian product of graphs. The Cartesian product G x G, of graphs G; and G, has the
vertex set V(G x G) =V (Gy) x V(G,) and (uy,vy)(uz,v7) is an edge of G; x G, if and only if [u; = up and
Viva € E(Gz)] or [vi=wand uju, € E(Gl)].

Many of the chemically interesting graphs can be obtained by applying the Cartesian product of graphs. For
example, the ladder graph L, is the molecular graph related to the polynomial structure obtained by the Cartesian
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product of P, and P, . The C4 nanotube TUC4(m, n) is the Cartesian product of P, and P,, and the C4 nanotorus
TC4(m,n) is the Cartesian product of C, and C,,.

Graovac and Pisanski [14] were the first to consider the problem of computing topological indices of graph
operations. In their paper, they computed an exact formula for the Wiener index of the Cartesian product of
graphs. In [24], Klavzar, Rajapakse and Gutman computed the Szeged index of the Cartesian product graphs. In
a series of recent papers [18—-23], M. H. Khalifeh and his coworkers extended this program to other topological
indices, such as the vertex and edge PI index, the first and second Zagreb index, the vertex and edge versions of
Szeged index, and the hyper-Wiener and the edge-Wiener indices of several operations. The present work is the
continuation of research along the same lines, and is concerned with additional types of graph operations.

2 New Cartesian products of graphs

Eliasi et al. in [9] generalized the concept of Cartesian products of graphs, and introduced four new sums of
graphs called F-sums of graphs and studied the Wiener index of resulting graphs. Recently there has been some
interest on computing topological indices of F-sums of graphs [1, 5, 8,26,28].

Motivated by applications of Cartesian product of graphs, here we are more generalize the concept of Carte-
sian products of graphs and introduce the new C-products of graphs. For this purpose we proceed to introduce
some notions and definition of [7].

For a graph G = (V,E), let G° be the graph with V(G°) = V(G) and with no edges, G' the complete graph
with V(G') =V(G), G" =G,and G~ =G.

Definition 1. [7] Given a graph G with vertex set V(G) and edge set E(G) and three variables x,y,z €
{0,1,4,—}, the xyz-transformation graph 7*%(G) of G is the graph with vertex set V(7T%*(G)) = V(G) UE(G)
and the edge set E(T%(G)) = E((G)") UE((L(G)))UE(W) where W = S(G) if 7=+, W = S(G) ifz = —, W
is the graph with V(W) = V(G) U E(G) and with no edges if z =0 and W is the complete bipartite graph with
parts V(G) and E(G) if z= 1.

o 074. -

& o0

T1+1 = 0+

Fig. 1 Some xyz—transformations of a 4-vertex path.

Examples of xyz—transformations of a 4-vertex path are given in Figure 1. We call vertex in xyz-transformation
graphs corresponding to vertex of parent graph as point vertex whereas vertex in xyz-transformation graphs cor-
responding to edge of parent graph as line vertex.

Now we give the definition of the C-product of graphs in the following.
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Definition 2. Let C € {T™%|x,y,z € {0,1,4,—}}. The C-product of G| and G, denoted by G| x¢ Ga, is a
graph with the set of vertices V(G| x¢ G2) = (V(G1) UE(Gy)) x V(G3) and two vertices (uy,uz) and (v,v2)
of G; X¢ G, are adjacent if and only if [u; =v; € V(G) and upv; € E(G3)] or [up = v, € V(G,) and ujv; €
E(C(GY))].

Thus we obtain 64 new C— products of graphs in which G| X0+ G2, G| X0+ G2, G1 Xqo++ G2 and
G| X7+++ Gp are FF'— sums of graphs introduced by Eliasi and Taeri [9]. Examples of C-products of P4 and
P, are given in Figure 2. In this paper, we compute the expressions for first Zagreb index and F-index of the C—
products of graphs.

G Ge

G1 X o0+ G2 G1 X11- GQ G1 X141 GQ G1 X -0+ GQ

Fig. 2 Some C-product of Py and P;.

3 Main Results

We start by stating the following propositions, which are immediately from definitions and needed for the
proving our main results.

Proposition 1. Let G be a (n,m)-graph. Then the degree of point vertex u and line vertex e(= ab in G) in
T%(G) when z =0 are

0 ifx=0&ye{0,1,+,—}.

_ -1 ifx=1&ye{0,1,+,—}.

(i) dpoo(gy(u) = de(u) ifx=4+&ye{0,1,4+,—}.
n—1—dg(u)if x=—&y€{0,1,+,—}.
0 ify=0&x€{0,1,+,—}.
m—1 ify=1&xe€{0,1,+,—}.

D) droo)(€) =\ go(a)+dg(b) =2  ify=+&xe{0,1,4,—).

m+1—dg(a)—dg(b) if y=—&xe€{0,1,+,—}.

Proposition 2. Let G be a (n,m)-graph. Then the degree of point vertex u and line vertex e(= ab in G) in
T%(G) when z =1 are

m ifx=0&ye{0,1,+,—}.
. _)m+n—1 ifx=1&ye{0,1,+,—}.
(i) droi(g)(u) = dg(u) +m if x=+&ye{0,1,+ -}

n—1—dgu)+mifx=—8&yec{0,1,4,—}.
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n ify=0&x€{0,1,+,—}.
n+m—1 ify=1&xe€{0,1,+,—}.
n—2+dg(a)+dg(b) ify=+&xe{0,1,+,—}.
n+m+1—dg(a)—dg(b)ify=—&x€{0,1,+,—}.

Proposition 3. Let G be a (n,m)-graph. Then the degree of point vertex u and line vertex e(= ab in G) in
T9%(G) when z = + are

(ii) deyl (G) (e) =

do(u) ifx=0&ye{0,1,+ —}.
&) dyos gy (u) = 4 G600 Fn—Lifx=1&ye{0,1,4,-}.
MOWT) o) ifv=+&ye{01,+,-}
n—1 ifx:—&yE{OJ,‘i‘a_}'

2 ify=0&xe€{0,1,+,—}.

.. _Jm+1 ify=1&xe{0,1,+,-}.

(i) drv+(g)(e) = dg(a) +dg(b) ify=4+&xe{0,1,+,-}.

m+3—dg(a)—dg(b) if y=—&xe€{0,1,+,—}.

Proposition 4. Let G be a (n,m)-graph. Then the degree of point vertex u and line vertex e(= ab in G) in

T9%(G) when z = — are
m — dg(u) ifx=0&yec{0,1,+,—}.

. _Jn+m—1—-dg(u) ifx=1&ye{0,1,+,—}.

® dro-gy(u) =4 ifx=+&ye{0,1,+ ).
n+m—1-2dg(u)if x=—&yec{0,1,4+,-}.
n—2 ify=0&x€{0,1,+,—}.
n+m—73 ify=1&x€e{0,1,+,—}.

@) dro-)(€) =\ oy dg(a)+de(B)— 4 ify=+&xe {0,1,4,-).
n+m—1—dg(a)—dg(b)if y=—&x€{0,1,+,—}.
Proposition 5. Let G| and G, be the graphs. If (u,v) is a vertex of G| X¢ G2, then

J (,v) = {dc(c;.)(u) +dg,(v) if ue V(C(G))NV(Gy), ve V(Gr)
Grxc@ T deey) (1) if u€eV(C(G)NE(G)), veV(G).

We are now prepared to state and prove our main results.

Theorem 6. Let G| and G, be the graphs. Then

o (G1 xc Gy) = ) Y ldecay) (@) +da,(v)]*
UeV(C(G)NV (1) veV (Ga)
+ Y Y g, (©). 2)

veV(Ga) eeV(C(G1))NE(Gy)

Proof. By the definition of first general Zagreb index , we have

0. (G1 xcGy) = ) A, o (1,v)
(u,v)EV(G| XcGz)

We partition V(G X¢ Gz) into V(C(G1))NV(G;) and V(C(G1)) NE(G;) and from Proposition 5, we have

o, (G1 xc Gy) = Y Y ldey) () +de,(v)]*
UeV(C(G)NV (G1) veV (Ga)

+ Z Z dé(Gl)(e)'

VeV (Gy) eeV (C(G1))NE(Gy)
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For A = 2,3 in (2), we get the following equations.

M (G xcGa) = Z Z [dé(cl)(”) +dg,(v) +2dc(G,) (u)da, (v)]
ueV(C(G1))NV(Gy) veV(Gy)
+ ) Y gy 3)
veV(Ga) eV (C(G1))NE(Gr)
and
F(G1 xcGy) = Y Y [, (W) +dg, (v) +3dE g, ()da, (v) + 3dc(a,) (w)dg, (v)]
UEV(C(G1))NV(G1) veV(Ga)
+ ) Y dg(e )

veV(Gy) eeV (C(G1))NE(Gy)

For a given graph G;, its vertex and edge sets will be denoted by V(G;) and E(G;), respectively, and their
cardinalities by n; and m;, respectively, where i = 1,2.

By plugging the corresponding degrees of vertices of 7 from Proposition 1 in (3) and (4), bearing in mind
that Y dg(v)=2m, Y =mnand Y =m, we getthe following two theorems.

veV(G) veV(G) e€E(G)

Theorem 7. Let G| and G, be the graphs. Then

(1) Mi(G X700 Ga) = mM;(G»)

(2) M{(G1 X710 G2) = nina(ny — 1) +niMy(Ga) +4nymy(ny — 1)

(3) Mi(Gy X710 Ga) = noMy(Gy) +niMi(Gy) + 8mymy

@) Mi(Gy x7-w G2) = nina(ny — 1)2 +noM(Gy) — 4nymy (ng — 1) + ni My (Go) +dnymy(ny — 1) — 8mymy
(5) My(Gy xq010 G2) = niMy(G2) +nymy (my — 1)?

(6) M(Gy X710 G2) = nina(ny — 1)? +n M (Ga) +dnyma(ny — 1) +nymy (my — 1)2

(7) Mi(Gi X741 G2) = noMy(Gy) +niMy(Gy) + 8mymy +nomy (my — 1)?

)
(8) M1(G1 Xr-10 Gz)
nymi (I’)’L1 — 1)2

= mna(ny — 1)? + oM (Gy) — 4nymy(ny — 1) +n M1 (G2) + 4nyma(ny — 1) — 8mymy +

(9) M1 (G1 XT0+0 Gz) = l’llMl(Gz) +n2[HM(G1) —|—4m1 —4M1 (Gl)]

(10) Ml(Gl ><T|+0 Gz) = n1n2(l’l1 — 1)2+n1M1(G2) —|—4n1m2(n1 — 1) —|—I’l2[HM(G1) +4m1 —4M1(G1)]
11) Ml(Gl XT++0 Gz) = nle(Gl) +n1M; (Gz) —|—8m1m2—|—n2[HM(G1) +4m; —4M, (Gl)]
(

12) M(G1 Xp-+0 Gz) = nlnz(nl — 1)2 + ny M, (Gl) —4n2m1(n1 — 1) +n1M1(G2) +4n1m2(n1 — 1) —8mymy +
I’l2[HM(G1) +4my — 4M, (Gl)]

(13) M1(Gy X70-0 G2) = niMy(Gy) + na[my (my 4+ 1)% + HM(Gy) — 2(m; + 1)M; (G,)]
(14) Ml(Gl X1-0 Gz) = nlnz(nl — 1)2 —|—n1M1(G2) +4n1m2(n1 — 1) +n2[m1(m1 + 1)2 +HM(G1) — 2(m1 +
)M, (G1)]

(15) Ml(Gl X p+-0 Gz) = noM, (G]) +n1M; (Gz) + 8mimy +n2[m1(m1 + 1)2 —I—HM(Gl) —2(m1 + I)Ml(Gl)]

(16) M, (G1 Xp--0 Gz) = nlnz(nl — 1)2 + ny M, (Gl) —4n2m1(n1 — 1) +n1M1(G2) —|—4n1m2(n1 — 1) —8mymy +
my[my(my + 1)+ HM(Gy) —2(m; + 1)M;(Gy))].
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Theorem 8. Let G| and G, be the graphs. Then

(1) F(Gy Xy G2) =nF(G3)

(2) F(Gy x7100 Gy) = nina(ny — 1)* +n1F(Gy) +6(ny — 1)?nymy +3(ny — 1)n My (G»)
(3) F(Gy X100 G 2F(G1) +n1F(Gy) +6maMy(Gy) + 6mi M, (G>)
na

)=
(4) F(G1><T—00G2) nn nl—l) —nzF(Gl) 6n2m1(n1—1)2+3n2(n1—l)Ml(Gl)—l-an(Gz)+6n1m2(n1—
1)2 +6I/I12M1( ) 24 mlmz(nl - 1) +3n1(n1 - 1)M1(G2) 6m M, (Gz)

(5) F(Gy xqo0 Gp) = nF(Ga) + namy(my —1)3

(6) F(Gy x7110Gy) = mna(ny — 1)3 +n1F(Gy) +6(ny — 1)*nymy +3(ny — 1)n My (Ga) + namy (my — 1)3

(7) F(Gy x7+10 Ga) = nyF (G1) +n1F(Gy) +6muMy (Gy) + 6miM(G2) + nomy (my — 1)?

(8) F(Gy x7-10G2) =nina(ny — 1) —naF (Gy) —6nymy (ng —1)>+3ny(ny — )M (G1) +n1F (G2) +6nyma(ng —

1)2+6m2M1( ) 24 mlmz(nl — 1) —|—3n1(n1 — 1)M1(G2) 6m1M1(G2) —|—n2m1(n’I1 — 1)3
(9) F(Gl X 70+0 Gz) = I’l]F(Gz) —l—nz[MlS(Gl) — 8m1 —6HM<G1) + 12M1(G1)]

10) F(G1 X140 Gz) = I’l1n2<n1 - 1)3 +n1F(G2) +6(l’11 — 1)21’117’}’12 +3(n1 — l)nlMl(Gz) —i—nz[Mij(G]) —8my —
6HM(G1) + 12M,(G)))

11 F(Gl X p++0 Gz) = I’le(Gl) -+ an(Gz) + 6moM; (Gl) + 6WL1M1(G2) + nz[M?(Gl) —8m; — 6HM(G1) +
12M1(Gy)]

(12) F(G1 Xr—+0 Gz) = I’L]I’lz(l’l] — 1)3 —nzF(Gl) —6n2m1 (n1 — 1)2+3n2(n1 — 1)M1 (G1)+n1F(G2) +6n1m2(n1 —
1)2+6m2M1(G1) —24m1m2(n1 — 1)+3n1(n1 — 1)M1(G2) *6"’[1M1(G2)+n2[M13(G1) —8my *6HM(G1)+
12M,(G)]

(13) F(Gy X700 G2) = mF(Ga) +na[my (my +1)3 — M} (Gy) — 3(my +1)*M1(G) + 3(my + 1)HM(G )]

(14) F(G1 Xr1-0 Gz) = I’l]ﬂz(ﬂ] — 1)3 +I’l1F(G2) —|—6(n1 — 1)2n1m2 + 3(1’11 — 1)1’11M1 (Gz) —|—n2[m1 (m1 + 1)3 —
M3 (Gy) = 3(my +1)>M;(Gy) +3(my + 1)HM(G,)]

(15) F(Gl Xp+-0 Gz) = I’le(G )+n1F(G2) + 6moM, (Gl) +6m M, (Gz) —|—n2[m1(m1 + 1)3 —M%(Gl) —3(m1 +
2M1(G1 —|—3<M1 + 1)HM(G1)]

1)

(16) F(G1 Xp——0 Gz) —I’L]I’lz(l’l] — 1) —nzF(G1> —6nymy (n1 — 1)2+3n2(n1 — 1)M1 (G1)+n1F(G2)+6n1m2(n1 -
) + 6myM, (G1) — 24mymy(ny — 1) + 3ny(n; — 1)M,(G2) — 6miM,(G3) + np[my (m; + 1)3 *M%(Gl) —
3(my +1)2M(Gy) +3(my + 1)HM(G))].

By plugging the corresponding degrees of vertices of 7! from Proposition 2 in (3) and (4), we get the
following two theorems.

Theorem 9. Let G| and G, be the graphs. Then

1) M, (G[ X oo Gz) = nlnzm%+n1M1 (Gz) +4nymimy —{—nzmln%
(2) M (G, X101 Gz) nlnz(nl +m — 1)2 +n1M; (Gz) —{—4n1m2(n1 +my — 1) —|—n2m1n%

4) M (G xp-0Gy) = nlng(nl +m; — 1) +moM;(Gy) —4dmny(ny +my — 1) + My (Gy) +4nymy(ny +my —

(

(3) M (Gy X710 Go) = nlnzm%—I—nle(Gl) +4m%n2—|—n1M1(G2) +4mimon, —|—8m1m2—|—n2m1n%

(
1)— 8m1m2+n2m1n1
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(5) M (G x701 Gp) = nlngm% +mM;(Gy) +4nymymy + nymy (ny +my — 1)2

)
6) M, (Gl X i Gz) = nlnz(nl +m; — 1)2 +n1M; (Gz) —{—4n1m2(n1 +my — 1) —+nomy (n1 +mp — 1)2
(7 M, (G1 Xp+11 Gz) = nlnzm% +no M, (Gl) +4m%n2 +n M, (Gz) +4dmimong + 8mymy +n2m1(n1 +my — 1)2

t)) M](G] Xp-11 Gz) = n]l’lg(l’ll +my — 1)2+n2M1(G1) —4m]l’l2(l’l1 +my — 1) +n M, (Gz) —|—4n1m2(n1 +my —
1) — 8mymy + nymy (ny +my —1)?

9 M, (G1 X 70+1 Gz) = nlnzm% +nm M, (Gz) +4dnimymy +n2[m1 (l’ll — 2)2 +HM(G1) + 2(1’11 — 2)M1 (Gl)]

(10) M, (Gl X141 Gz) = nlnz(l’ll +my — 1)2 +n1M1(G2) +4n1m2(n1 +my — 1) +n2[m1(n1 — 2)2 +HM(G1) +
2(n; —2)M,(Gy)]

11) M, (G] X+l Gz) = l’l]l’lzm% + ny M, (G]) + 4m%n2 + M, (Gz) +dmimong + 8mymy + l’lz[ml (l’ll — 2)2 +
HM(Gy)+2(n —2)M,(G,)]

12) M, (Gl X p—+1 Gz) = nll’lz(l’ll +m— l)z—l-l’lel(Gl) —4m1n2(n1 +m — 1) +n M, (Gz) +4I’l1ﬂl2(l’ll +my;—
1) —8mymy +I’l2[m1 (m —2)2 +HM(G))+2(n; —2)M, (Gl)]

a3 M, (Gl X 70-1 Gz) = nlnzm% +n M, (Gz) +4nimimy+ny [m1 (n1 +m+ 1)2—|—HM(G1) —2(n1 +m;+ 1)M1 (Gl)]

(14) M (Gy X 11 Gz) :nlnz(nl +m;+ 1)2+n1M1(G2)+4n1m2(m +m; — 1)—|—n2[m1 (ny+m;+ 1)2+HM(G1) —
2(n1 +my + I)Ml(Gl)]

15) M (Gy X7+-1Gy) = nlnzm% + oM, (Gy) + 4m%n2 + niMy(Gr) + dmymany + 8mymy + na[my(ny + my +
1)2 —i—HM(G]) — 2(711 +my + l)Ml (G])]

(16) M, (Gl Xp——1 Gz) = nlnz(nl +my— 1)2+H2M1(G1) —4m1n2(n1 +my — 1) +n1M; (Gz) —l—4n1m2(n1 +my —
1) — 8m1m2+n2[m1(n1 +my + 1)2+HM(G1) —2(1’11 +my + 1)M1(G1)]

Theorem 10. Ler G and G be the graphs. Then
€)) F(Gl X 7001 Gz) = n1n2m? +n1F<G2) +6n1m2m% +3miniM; (Gz) +I’lzm1l’l?
2) F(Gl X 101 Gg) = nlnz(nl +my— 1)3 +n1F(G2) +6n1m2(n1 +m — 1)2+3n1(n1 +my— I)Ml (Gz) —l—l’lzmln‘;’

(3) F(G X710 Gy) :nlnzm?—&—nzF(Gl) —|—6n2m? +3minaM; (Gy)+niF(Gs) —|—6m%n1m2—|—6m2M1 (Gr) —|—24m%m2+
3
I’lzl’ﬂ]l’ll

)] F(Gl X -1 Gz) = nlnz(l’ll +m — 1)3 —nzF(Gl) + (6n1m2—6n2m1)(n1 +my— l)z—l- (3n2M1 (G1)+3H1M1 (Gz) —
24m1m2)(n1 +my — 1) +n1F(G2) + 6moM; (Gl) — 6miM,; (Gz) —I—nzmln?

5) F(G] X o1 Gz) = nlnzm? +I’11F(G2) +6n1m2m% +3min M, (Gz) —+nomy (I’l] +my — 1)3

(6) F(Gyxp111Gy)=nny(ny+my;— 1)3+n1F(G2)+6n1m2(n1 +my— 1)2+3n1(n1 +my—1)M,(G2) +nymy(ny +
mp — 1)3

(7) F(Gi x71Gp) = nlngm%—#—nzF(Gl ) +6n2m? +3minaM; (G))+n F(Gs) +6m%n1m2+6m2M1 (Gr) +24m%m2+
nomy (ny +my —1)3

t)) F(Gl Xp-11 Gz) :I’lll’lz(nl +mq — 1)3 —nzF(Gl)+(6n1m2—6n2m1)(n1 +my— 1)2+(3n2M1 (G1)+3n1M1(G2) —
24m1m2)(n1 +my — 1) +I’l1F(Gz) + 6moM; (Gl) —6mM,; (Gg) —+nomy (n1 +my — 1)3

9 F(Gl X 70+1 Gz) = nlnzm% —|—n1F(G2) + 6n1m2m% + 3m1n1M1(G2) +n2[m1(n1 — 2)3 —|—M13(G1) + 3(n1 —
2)2My(Gy) +3(ny —2)HM(Gy)]
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(10) F(G) X111 Ga) = ninp(ng +my — 1)3 +n1F(Gy) + 6nymy(ny +my — 1)2 +3ny1(ny +my — )M (Ga) +
ng[ml (nl —2)3 —|—M?(G1) +3(n1 — 2)2M1(G1) —1—3(111 — 2)HM(G1)]

(A1) F(G X+ Gz) = I’l]l’lzm’f + I’le(G]) + 6712171? + 3minaM; (G)) + mF(Gz) + 6m%n1m2 + 6myM, (G]) +
24m2my + na[my (ny —2)> + M3 (Gy) +3(ny — 2)°M,(Gy) +3(n1 —2)HM(G,))]

(12) F(Gl Xp—+1 Gz) = nll’lz(l’ll +my— 1)3 —nzF(G1> + (61’117712 —61’12”11)(711 —+my — 1)2—|- (3n2M1 (Gl) +3n1M; (Gz) —
24m1m2)(n1 +m— 1)+n1F(G2) +6moM, (G]) —6m M, (Gz) —l—l’lz[ml (n1 —2)3 +M13(G1) +3(7’l1 —2)2M1 (Gl) +
3(m —2)HM(G)]

13) F(G] X 70-1 Gz) = nlnzmi’ +l’l1F(G2) +6n1m2m%+3m1n1M1 (Gz) +ny [m1 (I’l] +m+ 1)3 —M13(G1) —3(1’11 +
my +1)*M,(Gy) 4 3(ny +my + 1) HM(G)]

(14) F(Gl Xi-1 Gz) = I’l]ﬂz(ﬂ] +m — 1)3 + I’llF(Gz) +6n1m2(n1 +my — 1)2 + 31’11(1’11 +m — l)Ml(Gz) +
nalmy(ny +m; + 1)3 —M%(Gl) —3(ny+m; + 1)2M1(G1) +3(ny +m; +1)HM(G))]

(15) F(Gy X711 Ga) = mynam; + noF (Gy) + 6nom3 + 3minoMy (Gy) + ni F(Gy) + 6minymy + 6maM; (Gy) +
24m%m2—|—n2[m1 (n1 +my + 1)3 —M3(G1) 3(711 +my + 1)2M1(G1) +3(I’l1 +my + I)HM(Gl)]

(16) F(G) xp--1Gy)=nnp(ny+m;— 1)3 —naF (Gy)+ (6nymy —6nymy) (ny +m; — 1)2+(3n2M1 (G1)+3nM,(Gy)—
24mymy)(ny +my — 1) —|—n1F(G2) + 6mo M, (Gl) —6m M (G>) —‘v-l’lz[ml(n] +my+ 1)3 —M%(Gl) —3(1’11 +
my + 1)2M1(G1) +3(ny +m;+ 1)HM(G)).

By plugging the corresponding degrees of vertices of 7** from Proposition 3 in (3) and (4), we get the
following two theorems.

Theorem 11. Let G| and G, be the graphs. Then
1) M, (G1 X 700+ Gz) = nyM, (Gl) —I—nlMl(Gz) + 8mymy + 4nymy

2) M](G] X 710+ Gz) = n1n2(l’l1 — 1)2 +I’l2M1(G1) +4n2m1(n1 — 1) +n1M1(G2) +4n1m2(n1 — 1) + 8myimy +
dnomy

(3) M, (Gl X p+0+ Gz) = 4dno M, (G]) +n1M; (Gz) + 16mymy + 4nymy
4) M (Gy X0+ G2) =nina(n) — 1) +mM;(Gy) +4nimy(n; — 1) +4nym;
B M, (G1 X o1+ G ( )+n1M1 (Gz) + 8mymy +n2m1(m1 + 1)

)=
6) M1(G1 Xpti+ Gz) = I’l]nz(nl — 1)2 +n2M1(G1) +4n2m1(n1 — 1) —I—I’llM](Gz) +4n1m2(n1 — 1) + 8mymy +
nymy(my + 1)2

(7) My(Gy X741+ Go) = 4noMy (G1) +n My (Ga) + 16mymy + nomy (my +1)?
8 M; (G1 X -1+ Gz) = l’llnz(n1 — 1)2 +n M (Gz) +4n1m2(n1 — 1) —+nomy (m1 + 1)2
9) M, (Gl X 70++ GQ) = ny M (Gl) +n1M1(G2) + 8mymy +I’l2HM(G1)

(10) M, (Gl Xi++ Gz) = I’llnz(l/ll — 1)2 + nyM; (Gl) —|—4n2m1(n1 — 1) +n1M1(G2) —|—4n1m2(n1 — 1) + 8m1m2 +
I’leM(G])

11) Ml(Gl X p4++ Gg) =4n, M, (Gl) +n M (Gz) + 16mymy +n2HM(G1)
(12) Ml(Gl X p—++ Gz) = nll’lz(l’ll — 1)2 +n1M; (Gz) —|—4n1m2(n1 — 1) —|—n2HM(G1)

(13) M (Gy xqo-+ G2) = oMy (Gy) +niMi(G2) +8mymy + ny [m1 (m) + 3)2 +HM(Gy) —2(my +3)M, (G])]
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(14) M, (Gl Xpi—+ Gz) = nlnz(nl — 1)2 + ny M, (Gl) —|-4n2m1(n1 — 1) +n1M1(G2) —|—4n1m2(n1 — 1) + 8mimy +
ng[ml (m1 +3)2 —i—HM(Gl) — 2(m1 —|—3)M1 (Gl)]

(15) M1(G1 X4+ Gz) =4dn, M, (Gl) +n1 M, (Gz) + 16myimy —i—nz[ml (m1 + 3)2 +HM(G1) — 2(1’)11 + 3)M1 (Gl)]

(16) M](G] X+ Gz) = l’l]l’lz(l’l] — 1)2 —I—n1M1(G2) +4n1m2(n1 — ]) —i—nz[m](m] + 3)2 +HM<G1) — 2(m1 +
3)Mi(Gy)).

Theorem 12. Let G| and G, be the graphs. Then
1 F(G1 X 700+ Gz) = nzF(Gl) +n1F(G2) + 6m2M1(G1) +6miM; (Gz) + 8noymy

(2) F(Gy xg10+ G2) = nina(ny —1)3 +naF (G1) +6(ny — 1)?nymy +3(ny — 1)naM (Gy) +n1 F (Gy) +6nyma(ng —
1)2 + 6I712M1 ( ) +24m1m2(n1 — 1) + 37’11 (l’l] — I)M] (Gz) + 6I?1]M1 (Gz) + 8n2m1
)=

3) F(Gl Xr+o+ Ga) = 8n2F(G1) -l-an(Gz) +24mo M, (Gl) + 12mM; (Gz) + 8nymy
4) F(G| X7-0: Go) =nina(n) — 1)3 +mF(Gy)+6nymy(n; — 1)2 +3(n — 1) M (G7) + 8nymy
(5) F(Gy Xgo+ G2) = mpF (Gy) +n1F(Gy) +6mayM,(Gy) + 6m M (Gy) +nomy (my + 1)3

(6) F(Gl ><T11+G2) (fll—l) +n2F(G1)+6(n1—1) n2m1+3(n1—1)n2M1(G1)+n1F(G2)+6n1m2(n1—

nn
) +24m1m2(n1 — 1) +3n1(n1 — I)Ml(GQ) +6m M, (Gz) +n2m1(m1 + 1)

1) +6myM, (G
(7) F(Gy X741+ G2) = 8myF (G1) +m1F(Gy) +24maM (Gy) + 12mi My (Ga) + nymy (my +1)3
(8) F(Gy x7-1+ G3) = nina(ny — 1)> +n1F(Gy) + 6nyma(ny — 1)* +3(ny — 1)n My (G) +namy(my +1)3
(9) F(Gi xgo++ G2) = noF (Gy) +niF(Ga) + 6maM; (Gy) + 6miM (Ga) +maM; (Gy)

(10) (Gl XT1++ Gz) = nll’lz(l’ll — 1) —|—n2F(G1) +6(fl1 — 1)2n2m1 +3(l’11 — 1)n2M1 (Gl) +I’l1F(G2) +6n1m2(n1 —
1) +6m2M1(G1) +24m1m2(n1 — 1) +3n1(n1 — I)Ml(GQ) + 6mM; (Gz) +I’l2M13(G1)
11 (Gl Xttt Gz) = 87’12F(G1) +n1F(G2) +24moM, (Gl) + 12m M, (Gz) +n2M (Gl)

F
(12) F(Gl Xp—++ Gz) = nlnz(nl — 1)3 +n1F(G2) —|—6n1m2(n1 — 1)2 +3(n1 — 1)n1M1(Gz) —I—n2M13(G1)
F

13) G X o+ Gz) = ngF(Gl) —I-an(Gz) + 6moM, (Gl) +6m M, (Gz) +n2[m1 (m1 +3)3 —M%(Gl) — 3(m1 -+

(
3)2My(Gy) +3(my +3)HM(G))
(

(14) F G1><T1 +G2)—n1n2(n1—l) +n2F(G1)+6( 1—1) n2m1+3(n1—l)nle(G1)+n1F(G2)+6n1m2(n1—
) +6m2M1(G1) +24m1m2(n1 — 1) —1—31’11(711 — l)Ml(Gz) —|—6m1M1(G2) +n2[m1(m1 +3) M?(Gl) —
(m1+3)2M1(G1)+3(m1+3)HM(G1)]
F(

(15) G| Xp+—+ Gz) = 87’12F(G1) + I’llF(Gz) + 24mo M, (Gl) + 12m1M1(G2) + nz[ml (m1 + 3) M?(Gl) —

(m1 +3)2M1 G1) +3(m1 +3)HM(G1)]

(16) F(G] X+ Gz) = l’l]ﬂz(ﬂ] — 1)3 —l—lﬂF(Gz) —|—6n1m2(n1 — ])2 + 3(111 — 1)n1M1 (Gz) —l—nz[m] (m1 + 3)3 —
M3 (Gy) —3(my +3)?M;(Gy) +3(my +3)HM(G))).

By plugging the corresponding degrees of vertices of 7%~ from Proposition 4 in (3) and (4), we reach the
following two theorems.

Theorem 13. Let G| and G, be the graphs. Then

1 M, (G] X 00— Gz) = nlnzm% +noM,; (Gl) — 4m%n2 +n M, (Gz) +4dmymony — 8mymy + nomy (n1 — 2)2
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(2) My (G xp10- G2) = mna(ny +my — 1)2 +nmoM;(Gy) —4miny(ny +my — 1) +n1 M, (Ga) +4nymy(ng +my —
1) — 8mymy + nymy (ny —2)?

3) M; (G] X 40— Gz) = mnzml +nm M, (Gz) +4dmimon; + nym (n] 2)2

4) M{(G1 X7-0- G3) = nyny(ny +my — 12 +4nyM; (Gy) — 8myny(ny +my — 1) +n M (G2) +4dnymy(ny +my —
— 16m1m2—|—n2m1(m 2)2
5) M (G X 01— Gz) = nlnzml +nyM; (Gl) 4m%n2—|—n1M1 (Gz) +4mymyn, —8m1m2+n2m1(n1 —+mq —3)2

Gy Xpii- Gz) = n1l’l2(n1 +m — 1)2+H2M1(G1) —4I?’L1I’L2(I’l1 +m — 1) +I’L1M1<G2) +4n1m2(n1 +m; —
8mymy + nomy (ny +my —3)?

1)
i
(6) M (
1) -
(7) My(Gy xp+1- G2) = nynamj 2+ m My (Gy) + 4miman +npmy(ny +m; — 3)2
(

(8) M (G, Xp-1- Gz)—nlnz(nl—l—ml—l) +4n2M1(G1)—8m1n2(n1+m1—1)+n1M1(G2)—|—4n1m2(n1+m1—
1) — 16mymy + naomy (ny +m; — 3)2

9) M, (G1 X 70+ Gz) = I’llnzml + nyM; (Gl) 4m%n2 + niM; (Gz) + dmymong — 8mymy + ng[ml (n1 — 4)2 +
HM(Gl) —1—2(1’11 4)M1(G1)]

(10) M, (G Xp1+- G2) =nyna(ny +my — 1)2+n2M1 (G1)—4mny(ny+my — 1)+ M (Ga) +4nymy(ny +my —
1) — 8mymy —|—n2[m1 (nl —4)2 —I—HM(Gl) —|—2(n1 —4)M1 (Gl)]

11) M, (G] Xt Gg) = I’l]l’lzm% +n M, (Gz) +4dmymon; —i—nz[m] (I’l] —4)2 +HM(G1) —|—2(n1 —4)M1 (G])]

(12) My(Gy X7-+ Ga) = mina(ny +my — 1)? + 4naM; (Gy) — 8mina(ny +my — 1) +ni My (Ga) + dnyma(ny +
my — 1) — 16mymy +n2[m1(n1 —4)2+HM(G1)—|-2(I’11 —4)M1(G1)]

13) MI(GI X 70— Gz) = nlnzm% + I’L2M1(G1) — 4m%n2 +niM; (Gz) +dmimony — 8mymy + nz[ml(nl +my —
12 +HM(Gy) —2(ny +my — 1)M;(G1)]

(14) M, (Gl Xp1—— Gz) = nlnz(nl +my — 1)2+H2M1(G1) —4m1n2(n1 +my — 1) +n1M; (Gz) —l—4n1m2(n1 +my —
1) — 8m1m2+n2[m1(n1 +m; — 1)2+HM(G1) —2(1’11 +my — 1)M1(G1)]

15) M, (Gl X p+— Gz) = nlngm% —l—nlM](Gz) + dmymong + nz[ml(nl +my — 1)2 —i—HM(Gl) — 2(n1 +m; —
1)M,(Gy)]

(16) M](G] Xp——— Gz) = nlnz(m +m; — 1)2 —|—4n2M1(G1) — 8m1n2(n1 +my — 1) +n]M1(G2) +4n1m2(n1 +
my — 1) — 16mymy +n2[m1(n1 +my — 1)2—|—HM(G1) —2(111 +my — I)Ml(Gl)].

Theorem 14. Let G| and G, be the graphs. Then

1 F(Gl X 00— Gz) = nlnzm? —nzF(Gl) —6m?n2+3m1n2M1 (Gl) +n1F(G2) +6m%n1m2—|—6m2M1 (Gl) —24m%m2+
3minM; (Gz) — 6m M, (Gz) +npomy (n1 — 2)3

2) F(Gl X 10— Gz) :nlnz(nl +m; — 1)3—nzF(Gl)—|—(6n1m2—6m1n2)(n1 +my— 1)2+(3n2M1(G1)+3n1M1(G2) -
24m1m2)(n1 +m — 1) +n1F(G2) —6m1M1(G2) + 6moM; (G1) +n2m1(n1 — 2)3

(3) F(Gy Xg+0-Gy) = nlngm? +mF(Gy) —|—6n1m2m% +3miniM,(Gy) + naymy (n) — 2)3

() F(Gl X—0- Gz) = l’lll’lz(fll +mp — 1)3 + (61’117’)’12 — 12]’121’7’11)(1’!1 +m; — 1)2 + (121’12M1 (Gl) +3n1 M, (Gz) —
48m1m2)(n1 +my — l) — 8n2F(G1) —l—an(Gz) +24moM,; (Gl) — 12m M, (Gz) +n2m1(n1 — 2)3

Q) F(Gl X 01— Gz) :nlnzm? —nzF(Gl) —6m%n2—|—3m1n2M1 (Gl) +n1F(G2) +6m%n1m2+6m2M1 (Gl) —24m%m2—|—
3min1M; (Gz) — 6m M, (Gz) “+ nomy (n1 +my — 3)3
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6) F(Gl X 11— Gz) :nlnz(nl +m — 1)3 —nzF(Gl)+(6n1m2—6m1n2)(n1 +my— 1)2+(3n2M1(G1)+3n1M1 (Gz) —
24m1m2)(n1 +my — 1) —l—an(Gz) —6m1M1(G2) + 6moM; (Gl) —|—l’l2m1(l’ll +my — 3)3

7 F(G] Xpt1- Gz) = nlnzm? +n1F(G2) +6n1m2m% +3myni M, (Gz) +nomy (m +m — 3)3

t)) F(Gl Xp-1- Gz) = nlnz(l’ll +m; — 1)3 + (6n1m2 — 12n2m1)(n1 +m; — 1)2 + (12n2M1 (G1) +3n1 M, (Gg) —
48m1m2)(n1 +my — 1) — SnzF(Gl) —|—n1F(G2) + 24mo M, (Gl) — 12I?11M1(G2) +npmy (n1 +my — 3)3

9) F(G| x70+-Gy) = nlnzm? —myF(Gy) —6m?n2+3m1n2M1 (G1)+nF(Gy) —l—6m%n1m2—|—6m2M1(G1) —24m%m2+
3miniM, (Gz) — 6m M, (Gz) +n2[m1 (I’l1 —4)3 +M13(G1) + 3(?11 —4)2M1 (G]) + 3(”1 — 4)HM(G1)]

(10) F(G xp1+-Ga) =ninp(ny+m; — 1)3 —naF (Gy)+ (6nymy—6mny)(ny+m; — 1)2+(3n2M1 (G1)+3nM,(Gy)—
24m1m2)(n1—|—m1—l)+n1F(G2)—6m1M1(G2)+6m2M1(G1)—|—n2[m1(n1—4)3—|—M13(G1)—|—3(n1—4)2M1(G1)—|—
3(}11 —4)HM(G])]

11) F(Gl X ++— Gz) = nlnzm? +n1F(G2) + 61’!111’!2”1% + 3m1n1M1(G2) +n2[m1 (n1 *4)3 +M]3(G1) + 3(111 —
4)2M,(Gy) +3(ny —4)HM(G)]

(12) F(Gl Xr—+- Gz) = I’llnz(fn +my — 1)3 + (61’!11’)’!2 - 12n2m1)(n1 +my — 1)2 + (12n2M1 (G1) +3n1M1 (Gz) -
48m1m2)(n1 +my — 1) — 8}’12F(G1) +n1F(G2) +24moM, (Gl) —12mM; (Gz) +n2[m1 (n1 —4)3 +M13(G1) +
3(m —4)*M1(G1) +3(n1 —4)HM(G1)]

13) F(Gl X po—— Gz) = nlnzm? — nzF(Gl) — 6m?n2 + 3mino My (Gl) + an(Gz) + 6m%n1m2 + 6my M, (Gl) —
24m%m2+3m1n1M1 (G2) —6m M, (Gz) —i—nz[m] (ny+m; — 1)3 —M?(Gl )—3(n1+m; — 1)2M1 (G] )+3(n1+
my — 1)HM(G)]

14) F(Gl Xpi—- Gz) =I’l1n2<n1 +my— 1)3 —I’le(G1)+(6l’l1ﬂ’lz—6m1l’l2)(n1 +mq — 1)2—|—(3n2M1(G1)+3n1M1 (Gz) —
24mymy)(ny +my — 1) +n1F(Gy) — 6miM;(Gy) +6maM; (G ) + na[my (ny +my — 1)3 —M%(Gl) —3(n +
mp — 1)2M1<G1) +3(n1 +my — 1)HM(G1)]

(15) F(G1 X+ Gz) = nlnzm? + an(Gz) + 6n1m2m% + 3m1n1M1(G2) + nz[ml(nl +my — 1)3 —M%(Gl) —
3(1’11 +my — 1)2M1(G1) —1—3(711 +m — 1)HM(G1)]

(16) F(G] Xp——— Gz) = nlnz(nl +my — 1)3 + (6n1m2 - 12n2m1)(n1 +my — 1)2+ (12]’12M1 (G1)+3l’l1M1 (Gz) —
48mimy)(ny +my — 1) — 8naF (G1) 4+ ni1F(Ga) + 24muMy (Gy) — 12miMy (Go) + na[my (ng +my — 1)° —
M?(Gl) —3(1’11 +my — 1)2M1(G1> +3(n1 +m; — 1)HM(G1)].

The expression for first Zagreb index of eighteen graph operations G; X7v: Gy for x,y,z € {+,—}, x,z €
{+,—} withy =0, y,z € {+,—} withx =0 and z € {+,—} with x =y = 0 are obtained by Basavanagoud and
Patil in [6]. We include these results for the sake of completeness.
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