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Abstract: In this paper, we study some separation axioms namely, w-To-space, w-T1 -space and w-T2-space and their properties. We

also obtain some of their characterizations.
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1. INTRODUCTION

In the year 2000,Sheik John introduced and studied w-closed
and w-open sets respectively. In this paper we define and
study the properties of a new topological axioms called w-
To-space, w-T1 —space, w-T2-space.

I.PRELIMINARIES

Throughout this paper space (X,t) and (Y,o) (or simply X and
Y) always denote topological space on which no separation
axioms are assumed unless explicitly stated. For a subset A of
a space X, CI(A), Int(A), A, P-CI(A) and P-int(A) denote the
Closure of A, Interior of A, Compliment of A, pre-closure of
A and pre-interior of (A) in X respectively.

Definition 2.1: A subset A of a topological space (X, 1) is
called

Definition 2.1: A subset A of a topological space (X, 1) is
called

()A weakly closed set (briefly, w-closed set) if CI(A)cU
whenever AcU and U is open in (X, 1).

(i))A subset A of a topological space (X,t) is called weakly
open(briefly m-open) set in X if A® is w-closed in X.

(iii)A topological space X is called a T w space if every w -
closed set in it is closed.

Defintion 3: Amap f:(X, T) -» (Y, o) is called

(i) W-continuous map [1] if X (v) is w closed in (X,T) for
every closed V in (Y,0).

(ii)W-irresolute map[1]if f-*(v) is w closed in (X,T)for every
w-closed V in (Y,0).
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(iii)W-closed map[1] if f~*(v) is w closed in (X,T) for every
closed Vin (Y,0).

(iv)W-open map[1] if f 1(v) is w closed in (X,T) for every
closed Vin (Y,0).

4. W-To-SPACE:

Definition 4.4.1: A topological space (X, T) is called w-To-
space if for any pair of distinct points x,y of (X,T) there
exists an w-open set G such that xEG, y&G or xEG, yEG.

Example 4.4.2: Let X ={a, b}, T ={@ {b}, X}. Then (X, T)
is w-To-space, since for any pair of distinct points a, b of
(X,T) there exists an w-To open set {b} such that a

&{b},bE{b}.

Remark 4.4.3: Every w-space is w-To-space.

Theorem 4.4.4: Every subspace of a w-To-space is W-To-
space.

Proof: Let (X,T) be a w-To-space and (Y,Ty) be a subspace
of (X,T). Let Yiand Y2 be two distinct points of (Y,Ty). Since
(Y,Ty) is subspace of (X,T),Y1 and Y2 are also distinct points
of (X,T). As (X,T) is w-To-space , there exists an w-open set
G such that Y1EG, Y2 & G. Then YNG is w-open in (Y,Ty)

containing but Y1 not Y2. Hence (Y,Ty) is w-To-space.
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Theorem 4.4.5: Let f: (X,T) -» (Y, L) be an injection, w-

irresolute map. If (Y,LL) is w-To-space, then (X,T) is w-To-
space.
Proof: Suppose (Y, f) is w-To-space. Let a and b be two

distinct points in (X, T).

As fis an injection f(a) and f(b) are distinct points in (Y,LL).
Since(Y,{L) is w-To-space, there exists an w-open set G in
(Y,1) such that f(a)EG and f(b)G. As f is w-irresolute, f -
(G) is w-open set in (X,T) such that aEf (G) and b&f “(G).

Hence (X,T) is w-To-space.

Theorem 4.4.6: If (X,T) is w-To-space, Tw-space and (Y,Ty)
is w-closed subspace of (X,T), then (Y,Ty) is w-To-Space.

Proof: Let (X,T) be w-To-space, Tw-space and (Y,Ty) is w-
closed subspace of (X,T). Let a and b be two distinct points
of Y. Since Y is subspace of (X,T), a and b are distinct points
of (X,T). As (X,T)is w-To -space, there exists an w-open set
G such that aEG and b&G. Again since (X,T) is Tw-space, G
is open in (X,T).Then YMG is open. So YMG is w-open such
that aEYNG and bEYNG. Hence (Y, Ty) is W-To —space.

Theorem 4.4.7: Let f: (X,T) -» (Y, [4) be bijective w-open
map from a w-To Space (X,T) onto a topological space (Y,Ty).
If (X,T) is Tw-space, then (Y, i) is w-To Space.

Proof: Let a and b be two distinct points of (Y, Ty). Since f is
bijective, there exist two distinct points e and d of (X,T) such
that f(c) = a and f(d) = b. As (X,T) is w-To Space,there exists
a w-open set G such that cE G and d€G. Since X,T) is Tw-
space, G is open in (X,T). Then f(G) is w-open in (Y, L),

since f is w-open, such that aEf(G) and b&f(G). Hence
(Y,Ty) is w-To-space.

Definition 4.4.8: A topological space (X,T) is said to be w-
Ti-space if for any pair of distinct points a and b of (X,T)
there exist w-open sets G and H such that aEG, b&G and
afEH, bEH.
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Example 4.4.9: Let X = {ab} and T = {@,{a},X}. Then
(X,T) is a topological space. Here a and b are two distinct
points of (X,T), then there exist w-open sets {a},{b} such that

a€{a}, b&{a} and a&{b}, bE{b}. Therefore (X,T) is w-To
space.

Theorem 4.4.10: If (X,T) is w-Ti-space,then (X,T) is w-To-
space.

Proof: Let (X,T) be a w-Ti-space. Let a and b be two distinct
points of (X,T). Since (X,T) is w-T1-space, there exist w-open
sets G and H such that a€G, b&G and aEH, bEH. Hence we
have aEG, b&G. Therefore (X,T) is w-To-space.

The converse of the above theorem need not be true as seen
from the following example.

Example 4.4.11: Let X = {a,b} and T ={¢ ,{b}X}. Then
(X,T) is w-To-space but not w-Ti-space. For any two distinct
points a, b of X and an w-open set {b} such that a&{b},
bE{b} but then there is no w-open set G with aEG, b&G for
a¥Fb.

Theorem 4.4.12: If f: (X,T) -» (Y,Ty) is a bijective w-open
map from a w-Ti-space and Tw-space (X,T) on to a

topological space (Y,Ty), then(Y,Ty)is w-T1-space.

Proof: Let (X,T) be a w-Ti-space and Tw-space. Let a and b
be two distinct points of (Y,Ty). Since f is bijective there
exist distinct points ¢ and d of (X,T) such that f(c) = a and f(d)
= b. Since (X,T) is w-T1-space there exist w-open sets G and
H such that cEG, d&G and ¢&H, d EH.

Since (X,T) is Tw-space, G and H are open sets in (X,T) also
f is w-open f(G) and f(H) are w-open sets such that a = f
(€)Ef(G), b = f(d)Ef(G) and a= f(c)& f(H), b= f(d)EF(H).

Hence (Y,Ty) is w-Tzi-space.

Theorem 4.4.13: If (X,T) is wT1 space and Tw-space, Y is a
subspace of (X,T), then'Y isw-T1 space.
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Proof: Let (X,T) be a w T1 space and Tw-space. Let Y be a
subspace of (X,T). Let a and b be two distract points of Y.
Since YcX, a and b are also distinct points of X. Since (X,T)
is w-T1-space, there exist w-open sets G and H such that a€G,
b&G and afH, bEH. Again since (X,T) is Tw-space,G and H
are open sets in (X,T), then YN G and YMH are open sets so
w-open sets of Y such that aEYNG, bEYNG and aEYNH,
bEYMH. Hence Y is w T1 space.

Theorem 4.4.14: Iff: (X,T) -» (Y, Ty) is injective w-irresolute
map from a topological space (X,T) into w-Ti-space(Y,Ty),

then (X,T)is w-T1 - space.

Proof: Let a and b be two distinct points of (X,T). Since f is
injective, f(a) and f(b) are distinct points of (Y,Ty).
Since(Y,Ty) is w-T1 space there exist w-open sets G and H
such that f(2)EG, f(b) & G and f(a) &H, f(b)EH.Since f is w-
irresolute, f -3(G) and f -1(H) are w-open sets in (X,T) such
that a€ f -1 (G), b &f - X(G) and a&f 1(H), bEF - }(H). Hence

(X,T) is w-T1 space.

Definition 4.4.15: A topological space (X,T). is said to be w-

To- space (or Tw-Hausdorff space) if for every pair of distinct
points X, y of X there exist Tw-open sets M and N such that

xEN, yEM and NOIM = @.

Example 4.4.16: Let X = {a,b}, T = {@,{a},{b}, X}. Then
(X,T) is topological space. Then (X,T) is w-Tz-space. Tw-

open sets are @, {a}, {b},and X. Let a and b be a pair of
distinct points of X, then there exist Tw - open sets {a} and
{b} such that a€{a}, bE{b} and {a}N{b} = @. Hence (X,T)
is w-T2-space.

Theorem 4.4.17: Every w-Ta- space is w Tispace.

Proof: Let (X,T) be a w-T2- space. Let x and y be two
distinct points in X. Since (X,T) is w-T2- space, there exist
disjoint Tw-open sets U and V such that xEU, and yEV. This
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implies, XEU, y&U and xEV, y&V. Hence (X,T) is w-Tz-
space.

Theorem 4.4.18: If (X,T) is w-Tz-space, Tw- space and
(Y,Ty) is subspace of (X,T), then (Y,Ty) is also w-T2-space.

Proof: Let (X,T), be a w-T2 - space and let Y be a subset of
X. Let x and y be any two distinct points in Y. Since YcX, x
and y are also distinct points of X. Since (X,T)is w-Tz - space,
there exist disjoint Tw-open sets G and H which are also
disjoint open sets, since (X,T) is Tw - space. So GIY and
HIMY are open sets and so Tw- open sets in (Y, Ty). Also xEG,
x €Y implies xEGMV and yEH and yEY this implies y
EYNH, since GNH = @, we have (YNG)N(YNH) = B.
Thus GIMY and HNY are disjoint Tw-open sets in Y such that
xEGNY, yEHNY and (YNG)N(YN H)= B. Hence (Y.Ty)
is w-T2 - space.

Theorem 4.4.19: Let (X,T), be a topological space. Then

(X,T),is w-T-space if and only if the intersection of all Tw-
closed neighbourhood of each point of X is singleton.

Proof: Suppose (X,T), is w-Tz.space. Let x and y be any two
distinct points of X. Since X is w-Tz-space, there exist open
sets G and H such that X€G, yEH and GNH = O .Since

GNH = O implies XEGcX-H. SoX-H is Tw-closed

neighbourhood of x, which does not contain y. Thus y does
not belong to the intersection of all Tw-closed neighbourhood
of x. Since y is arbitrary, the intersection of all Tw-closed
neighbourhoods of x is the singleton {x}.

Conversely, let (x) be the intersection of all Tw-closed
neighbourhoods of an arbitrary point xEX. Let y be any point

of X different from x. Since y does not belong to the
intersection, there exists a Tw-closed neighbourhood N of x

such that yEN. Since N is Tw-neighbourhood of X, there
exists an Tw-open set G such x EGcX. Thus G and X - N are
Tw-open sets such that x<G, yEX-N and GN(X - N) = @.

Hence (X,T) is w-T2-space.

Theorem 4.4.20: Let f: (X,T) -» (Y,Ty) be a bijective w-
open map. If (X,T) is w-T2- space and Tw space, then (Y, Ty)is
also w-Ta- space.
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Proof: Let (X,T), is w-T2- space and Tw- space. Let y1 and y2

be two distinct points of Y. Since f is bijective map, there
exist distinct points x1 and x2 of X such that f(xi) = yj and f(x2)

=y2. Since (X,T) is w-T2- space,there exist w-open sets G and

H such that X1EG, XEH and GNH =@ . Since (X,T) is Tw-
space, G and H are open sets, then f(G) and f(H) are w- open
sets of (Y,Ty) , since f is ppw-open, such that y1 =f(x1) E(G),

y2 = f(x2) € f(H) and f(G)Nf(H) = . Therefore we have
f(G)Nf(H) = f(GNH) =0 . Hence (Y,Ty) is wTz-space.

Theorem 4.4.21: Let (X,T) be a topological space and let
(Y,Ty) be a W-Tz-space. Let f: (X,T) —> (Y,Ty) be an

injective w-irresolute map. Then (X,T) is w-T2-space.

Proof: Let x1 and x2 be any two distinct points of X. Since f is
injective, x1 F x2 implies f(x1) & f(x2). Let y1 = f(x1), y2 =
f(x2) so that x1 =1 (y1), x2 = f "(y2).Then y1,y2&Y such that
y1 F yo. Since (Y,Ty) is W-Tz-space there exist Tw-open sets
G and H such that y1EG, y,€ G and GNH =0 . As fis Tu-
irresolute f -1(G) and f ~1 (H) are Tw-open sets of (X,T).

Now f-G) Nf L(H) = f 4G NH) = f (D)= D and y: EG
implies f - 1(y2) € f - XG) implies xi€ f YG), y» € H
implies f -X(y2) € f -1(H) implies x2€ f "{(H).Thus for every

pair of distinct points X1, X2 of X there exist disjoint Tw-open
sets f -1(G) and f -}(H) such that

x1 Ef YG), x2€ f-1(H). Hence (X,T) is w-Tz-space.
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